Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



BIBLIOGRAPHIC RECORD TARGET 

Graduate Library 
University of Michigan 

Preservation Office 

Storage Number: 



ABR0008 

ULFMTBRTaBLmT/C DT 09/12/88 R/DT 09/12/88 CC STATmmE/Ll 
035/1: : | a (RLIN)MIUG86-B48718 
035/2: : | a (CaOTULAS) 1601 21335 
040: : jaMnU |cMnU |dMiU 
100:1 : I a Roberts, Ralph Augustus. 

245:02: | a A collection of examples on the analytical geometry of plane conies; 
I b to which are added some examples on sphero-conics. | c By Ralph A. Roberts. 
260: : | a Dublin, | b Hodges, Figgis, & co,; [etc., etc] | c 1884. 
300/1: : | a vi p., 1 L., 213 p. |c20cm. 



490/1:0 
650/1: 0: 
650/2: 0: 



I a Dublin university press series 
I a Conic sections 
1 a Conies, Spherical 



998: : |cDPJ |s9124 



Scanned by Imagenes Digitales 
Nogales, AZ 

On behalf of 

Preservation Division 

The University of Michigan Libraries 



Date work Began: _ 
Camera Operator: _ 



y Google 



A COLLECTION OF EXAMPLES 



ANALYTIC GEOMETEY Of PLANE CONICS. 



y Google 



y Google 



DUBLIN UNIVERSITY PRESS SERIES. 



A COLLECTION OF EXAMPLES 



ANALYTIC GEOMETRY OF PLANE CONKS; 



SOME EXAMPLES ON SPHERO-CONICS. 



KALPH A. ROBERTS, M.A., 




DUBLIN : HODGES, FIGGIS, & CO., GRAFTON -S'I'EEET. 
LONDON, LONGMANS, GREEN, & CO., PATERNOSTER - ROW. 



y Google 



y Google 



PREFACE. 



A PART of this collection of examples lias been published by 
me before in a CoUeeiion of Examples and Problems on Conies 
and some of the Higher Plane Curves. In this volume I 
have added a good many more examples, besides giving 
solutions of the more difScult ones which were left un- 
solved. I believe that either the examples themselves, or 
the methods of their solution, aje to a great extent original. 
A large number of the examples contain properties of 
circles connected with a conic, and especially of those which 
have double contact with the curve. In proving the pro- 
perties of the latter systems of circles I have made frequent 
use of their differential equations in elliptic co-ordinates, 
the given curve being one of the system of confoeal conies. 
In the same co-ordinates I have also made use of the 
differential equations of the tangents to a conic, and the 
systems of conies having douWe contact with two fixed 
confoeal conies. The method of elliptic co-ordinates sim- 
plifies greatly the study of relations involving the angles 
of intersection of such systems, whoso differential equations 
take a simple form. 
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I have added a section on Sphero-OonjcB at the end of 
the hook. Most of these examples are extensiona of results 
already ohtained for the case of the plane curves. I have 
again here made a free use of elliptic co-ordinates. 

I have assumed the reader to be familiar with Dr. 
Salmon's Conic SecUons, and have constantly made refe- 
rences throughout to that work. I have also occasionally 
referred to his works on the Higher Plane Curven, and 
Qeometrij of Three Dimensions. 

March, 188i. 
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EXAMPLES ON CONICS. 



I.— INSCRIBED TRIANGLES, 

1. To flad the equation of the circle eiroumseiibing a 
triangle inscribed in a conic. 

Let the equation of the conic he 

a' o' 
and that of the circle 

x' + '/ - 2x'x - 2y'y + k^ ^ S = ; 
then if P, Q are a pair of chords of intersection of Zf and 8, 
we muat have a relation of the form 8 - h^U = \PQ, where 
k and A are constants. But if P, Q ho expressed in terms of 
the eccentric angles of their extremities, we have (Salmon's 
Oonics, Art. 231, Ex. 2), 

P ^%osi(« + 0) + I sini(« + d) - cosi{« ^ /3}, 
Q^^oosUy^ g) + |sini(y+g)-cosi(7-S); 

hence, equating the coefficients of nf, y'\ &e., in the identity 
S-hW=\PQ, we get 

a' - h' = A cos |(a + jj) COS § (y + S), (1) 

b' -A' = Asin|(a + /3)sini{-^ + 2), (2) 
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2 INSCRIBED TKIAKCLES. 

. sin J (« + p t 7 + S), (3) 

2m^.X{cos^l,a-|3)cosi(^tS)^ms^(a■^|3]coe|{y-S]){4) 
2S/-*(l»8i(<,-/3)siziJ(y + S) + Bmi(a + /3)cosl(y-S)|(5) 

i" + 4".Xoosi(o-/3) 0O8j(7-S). (6) 

From (1), (2), (3), we obtoin o + (J + y + 8 - 0, A - «• - S", 
and A^ = «' sin' ^{a + (i) + b^ cos' 5 (a + /3) = tile square of (lie 
aemi-diameter parallel to P or ; and substituting these 
values of S, X, and h in (4), (5), [6), we get 

/ - "^ cosi(. + /}) eosi(i3 + y) oosi(y (- ,), (7) 

■«' ■ 't^ ™ + '° + **' ™*"* + ^' "°i<^ + °'' '•*' 
//- = ^(«' - &')(cos {a + ji) ^ COS (/3 + y) + cos(y + a) | 
-*("• + »■)■ (9) 

Since the discrimiuant of S - h'U vanishes, h- must 
satisfy the etiuation 

or h" - /i* (rt' -I- 6' + r^ - je'^ ~ /') -i- A' |«^6' + ?-'(o;= + b^) 

-6V=-ayi-a^6=r^ = 0, (10) 

where r is the radius of 8. Now the three values hi^, /is', Aj^ 
ohtainsd from this equation are evidently the squares of the 
semi- diameters parallel to the sides oi the triangle ; hence 
from the absolute term of [10) r = — -7—. Also, if we put 
a' ~ h' or b' - ff = t in (10), we oan find the espresaions for 
r\ y' from the absolute term of the et^uation in t. 
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INSCRIBED TRIANGLES- 3 

We might find the co-ordinates of the centre of 8 thus : 
ElimiDatiug y between the equations of 8 and U, we get 

hence, if «i, x-^, x„ x, belong to the four points of intersection 



of 8 and U, 


-^•c 


0--6" , 



f 8in0 + siuy-sin [a + fi + 7)). (12) 



J I won f cos 3 + COS7 + COS (a + /3 + 7)), (11) 

which is equivalent to the expression already obtained. 
Similarly, by eliminating x, we get 
, 6' -a' 

2. To find the equation of the circle through the middle 
points of the sides of the same triangle. 

Let the equation of the circle te 

a:' + «/' - 2x"x - %j"y + k"^ = 0, 
and let x, 1/ be the co-ordinates of the centre of the circum- 
scribing circle, and o, /3 those of the centroid ; then, by a 
known geometrical relation, 

2x"=^a-x\ 2/'= 3/3-/. 
Now we have 
t, = -^<«(coso+c08|3 + cos7), ^ = -L&(sina + sinj3+sin7]; 
hence we have 



^ (sin a + sin ^ + sin 7) + ^51-^' ein(a + /3 + 7). (2) 
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4 INSCRIBED TRIANGLES- 

To find k"^ we have k'' = x'" + y"^ - -f c', ■where r is tlie 
radius of the circumBcribed circle ; hence 
4--Jl(3a-/)' + (33-j,T-r'| 

-113.(3.-2^')+ 3/3 (3p-2/) + a.- + /<-ri 

= ^ [cos a + COS /3 + cos -y] { (ffl- + 6^)(C0S a + COS P + COS 7) 
-(«'-&=) C0s(a4^ + v)] 

+ ^ (sin a + sin /3 + sin 7) ( {a^ + i'') (bid a + sin /3 + sin 7) 
-(«--6-),m(. + P + ,)) 
+ i(«'-4')|coB(. + f!) + oosO + ,) + cos(, + .)|-i(»VJ') 
= -^ ((!''+ S^) ( (cosa + cos/3 coa7)'+(sina + Bin/3 + sin7)'- 1 j 
= i (0= + J'') { 1 + cos (a - P) + cos (/3 - 7) + cos [7 - a) j 
= (aUS')eosi(a-/3)co8i(/3-7)™ai(7-'')- (3) 
3. To find the locus of the centroid of an equilateral 
triangle inaoribed in a conic. 

Equating the co-ordinates of the centroid and the centre 
of the circumscribing circle, we get, if a + /3T7=-S, 
_ g fa' -6') cos 3 _ ^ 5 (a' -6') sing 
^~ a' + W ' '^ " l>' + 3a' ' 

hence the locus is the conic 

^ [a' + Wf + 1! {¥ + Sa'f = (a' - Vf. 

We may find the locus thus for the parabola y^ - px - 0. 
Let x' -V y^ - 2ax - 2^y + A' = be the equation of the eir- 
cumsoriljing circle, then eliminating y between the equations 
of the circle and parabola, we get x^ ■i-2{p - 2a) x^ + &o, = 0, 
■whence 2 ila — p) = a'l + aij + X3 + x^; and similarly eliminat- 
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INSCRIBED TRIANGLES. 5 

ing X, we find pi + ^3 + y^ + i/t = 0. But the centre of the 
circle being the centroid of the triangle, we haveii;i+a;2+a;3=3a, 
S*! + 2/j + ys = 3/3 ; hence a = 2p + x^, 3/3 = - j/4 ; therefore 

i. If the centroid of a triangle inscribed in a hyperbola 
lies on the curve, the eccentric angles must satisfy the equa- 
tion (cos a + cos /3 + cos yf + (sin o + sin P + sin yY = 9, 
or cos |[a - J3) cos i (/3 - 7) cos ^(7 - o) - 1 [1) ; hence from 
Ex. 2 (3), we have k'^= a" + b', from which we see that the 
circle passing through the middle points of the sides of the 
triangle cuts orthogonally the director circle. The eccentric 
angles are of course imaginary for the hyperbola, but this 
does not affect the validity of the proof. When the rela- 
tion (1) is aatisfifid, the area of the triangle formed by the 
tangents at the vertices is equal to half the area of the given 
triangle. 

The relation (1) can also be written in the form 

v/sin(/3-7) + ^8^(7^ + ysin(a-j3) = 0, 

from which it can be seen that the ellipse benching the sides 
of the triangle at their middle points passes through the 
centre of the curve. 

5. If x- + f- 2x'x - 2/y +k' = (1) 

represents the circle passing through the extremities of three 

semi-diameters of the ellipse — + -;^ - 1 = 0, show that 
•^ a- b- 

x' + -^'-~y:r: + ~wi/- (a' + b^ + k^) = (2) 

represents the circle passing through the 
three conjugate semi-diameters. 
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C INSCRIBED TlilANGLES. 

Alao show that if the circle (1) cuts orthogonally the cirole 
x'*,f- 2az - 2(i,j + r - 0, 
the circle (2) cuts orthogonally 

^ + y + -T- P« a</ + a' + /f - k^ = 0. 

6, Correapondiug points on the confocal conies 

are connected by the relations 

a a" h h' ' 
show that if x' + y'' -2ax - 2/3?/ + A** = represents the circle 
passing through three points on U, 

will represent the circle passing through the three corre- 
sponding points on V. 

7. To End the locus of the centroid of a triangle inscribed 
in one conic — +t^- l = f= 0, and circumscribed about 
another whoso tangential equation is 

{A, B, C, F, G, H){\, n, v)^ - S = 0. 
"Writing down the condition that the chord of U, 

^ cos i [« + 3) ^ f siii i (« + /3) - cos i(" - /3) = 0, 

should touch 2, and two similar equations for the other sides 
of the triangle, multiplying them by sin fa - /3), sin(f3 - 7), 
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TNSCKIJiED 'rRIANGLE.S, 7 

siit(y - a), respectively, and adding tliem together we get, 
after diYiding by sin ^{a - /3), ain j (/3 - 7), sin ^{y - a), 

CH + 4oosi(a-3)oo9i{/3-7)eogi(y-")l 
G 

- 2 — (cos o + cos /3 + cos 7) 

- 2 |'(sin a + sin /3 + sin 7> + ^ + I = 0, {!) 

3x . . . II 

But cos a + cos /3 + cos 7 = — , sin « + sin (3 + sin 7 =3 ■-, 

and l+8oc,8l(.-ffloos|(p-7)oosMT-«)-!>(j + |'); 
hence, from (1), we have for the equation of the locus the 



There is, of course, an invariant relation connecting 

S and TJ\ and if we have also -; = 77, if = 0, it can he shown 
a- o' 

that the centroid of the triangle is fised. For, if we elimi- 
nate 7 between the equations 

■Ax' . - „ ■ 3y' 

cos a + COS p + COS 7 = ■ ■ -, Sin a + Sill \i -V sm 7 = — , 

we get 
%K + I^V I- 4cos=i(« -^) - 12 1 cos 1 (a -/3) cos i {a + /3) 

-12|'cosU«-(3)siQi{"+J3)=0, 



Putting C = in (2), we see that the locus of the cen- 
troid of a triangle circumscribed about a eonie and inscribed 
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8 INSCRIBED TRIANGLES. 

in a parabola is a right line. This result may be readily 
arrived at geometrically by projecting the conic orthogonally 
into a circle. The centre of the circumscribed circle ia then 
fixed, and the intersection of perpendiculars lies on the direc- 
trix of the parabola ; therefore, &o. 

8. Since the centroid of a triangle is the pole of the Une 
at infinity with regard to the triangle, by projecting the 
results of the preceding example we see that, if a triangle be 
inscribed in a conic U, and circumscribed about a conic V, 
the locus of the pole of a fixed line L, with regard to the 
triangle, is a oonio, which reduces to a Une if L touches V, 
the other factor being L. Also, if If, V, and L are connected 
by two relations besides the inyariant relation between fand 
V, the pole of L, with regard to the triangle, is fixed, L is 
then, in fact, the chord of contact of two tangents of Z7 which 
touch V. 

9. A, B, C are the vertices of a fixed triangle inscribed 
in a conic, and P is a variable point on the curve : to find 
the locus of the centroid of the triangle formed by the lines 
bisecting PA, PB, PC, at right angles. 

Let the conic be — + ^ - 1 = 0, and a, ^, y, ip the eccen- 
tric angles of A, B, C, P, respectively ; then the intersection 
(a-i, y,) of the lines bisecting PA, PB at right angles is the 
centre of the circle pasaiag through P, A, B; hence, from 
(11) and (12) Ex. 1, we have 

3^, = ^ f cos a + cos J3 4 cos + COS (a + ^ + $) j , 

1/, = - jT (sina + sin^ + sin^ - sin(a + ^ -f ^)|, 

and similar values for the co-ordinates ^jJ/j, ^hJ/j of the other 
vertices of the variable triangle. 
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INSCRIBED TRIANGLES. 9 

But M = ^ (ail + iKi + Xi) = Yg- (2 (cos a + eos ^ + cos y) 

+ 3 coe^ + co8(o + ^ + $) + 008(0 + 7 + ^) + 003(7 + " + f ) ! 1 
and y = ^(y, + y, + ys) = -^{2(8ina + sm3 + sin7) 

+ 3 sin ^ - sin(a +/3 + 0) - sin(/3+7+^) - sin(7 + a + ^)], 
where x, y are the eo-ordinafces of the centroid of the variatle 
triangle ; hence, eliminating $ between these equations, we 
see that the locus is in general a eonie. When the centroid 
of the fixed triangle coincides with the centre of the curve, 
we have cos a + 00s + cos 7 = 0, sin a + sin /3 + sin 7 = 0, 
and the locus is then (^s^ + h^y^ = yo, which is independent 

of the position of the fixed triangle. 

If (cos a + cos (3 4 cos 7)' + (sin a + sin /3 + sin 7}^ = 9, in 
which ease the centroid of the fised triangle is on the curve, 
and the conic must be a hyperbola, the locus reduces to a 
line passing through the centre of the circle circumscribing 
the fixed triangle. 

10, Triangles are inscribed in a eonio, so that the eircum- 
soribing circles pass through a fooua ; to show that one of the 
circles touching the sides has double contact with a fixed 
conic. 

Let A, B, C be the vertices of the triangle, and F a focus 
of the conic ; then, from Ptolemy'a theorem, we have 

BG .FA + CA.FB±AB.FC = 0. (1} 

But FA, FB, FC are proportional to the perpendiculars 
o, /3, 7 from A, B, C on the directrix; hence from (1) 
BC.a+CA.ii+AB.j = Q (2), from which it readily follows 
that the centre of one of the circles touching the sides of the 
trianjjle lies on tho directrix. 
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10 INRCRIBEn TRIANGLES. 

Now when a circle {x - x'y + {y ~ '/y -^ r^ ^ S' ^ is in- 
scribed in a triangle inscribed in the conic - ^ + j^ ~1 = S=0, 

we mnst have the relation 0'' - 4i'0 = between the inva- 
riants, or (Salmon's Conies, Art, 37), Ex. 4), 

Solving this equation for r we get 



r - ¥ ; hence, putting ^ = ~, 



subject to which conditions it can easily be s 
double contact with the conio 



11. Triangles are inscribed in a conic and circumscribed 
about a fixed circle ; to find the envelope of the oiroumserib- 
ing circles. 

Let A, B, C be the vertices of the triangle, and a, (3, y 
the perpendiculars from A, if, C on a line drawn through 
the centre of the fixed circle parallel to one of the axes of the 
curve, then .BC a ± CA .(i + AB .y=0 [1). But o,/3, y are 
proportional to the tangents fi, ti, t.,, drawn from A, B, C to 
the circle having double contact with the curve at the points 
v^here it is met by the parallel to the axis (Salmon's Conies, 
Art. 261); hence from (1) .BC ;, ± CA .(,± AB .t. = 0{2). 
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INSCRIBED TRIANGLES. H 

Now, ty Dr. Casey's theorem, if four circles are all touched 
by a fifth, their common tangents (12), &c. are connected by 
the relation (12) (34) + (13) (34) + (23 (14) = (Salmon's 
Conies, Art. 121 (a)) ; hence, by supposing the radii of the 
circles (1), (2J, (3) to vanish, we see that the relation (2) ex- 
presses that the circle having doublo contact with the curve 
touches the circle passing through A, B, C. Since we may 
draw a parallel to either axis through the centre of the fised 
circle, we see that the oireumscribing circle will touch the 
two circles having double contact with the curve at the points 
where it is met by these parallels. 

12. A triangle is inscribed in a conic so that the circum- 
scribing circle touches a fixed circle having doublo contact 
with the conic; show that one of the circles touching the 
sides has double contact with a fixed parallel curve to a 
conic (see Ex. 11 and Ex. 10(3]). 

13. A triangle, self -conjugate with regard to a conic V, is 
inscribed in a conic U; show that circles having double con- 
tact with U, whose chords of contact touch V, cut orthogonally 
the director circle of Y- 

14. Given a triangle inscribed in a oonie, if a focus lies 
on a fixed circle, to find the envelope of the corresponding 
directrix. 

If j>t, p'i, pi denote the distances of a point from the ver- 
tices of the triangle, and a, b, c the sides, it can he seen from 
Ptolemy's theorem that 
a* Pi* + h*p2 + c^pi -2b^c''pip' - 'Zii'a'pipi ■- 2a^b^p'pi^ = JJ 

is proportional to the square of the tangent from the point to 
the circumscribing circle. It follows then that any circle can 
bo written in the form U - (Ip,'' + mpt + np,J) = (1). But 
Pm Pi, Pi iire proportional to the pei^pendiculars from the ver- 
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]0 li^SCRIBED TEIAx'JGLES. 

tioes of the triangle on the directrix; hence from (1) we have 
for the tangential equation of the envelope of the directris 

- {la' + OT/3= + ny'f = 0. 

Since a'a^ + &o. is the product of the factors 

Oa + 6)3 + cy, «a + 6/3 - Cy, aa ~ b^ + cy, aa - bfi - Cy, 

it follows that the envelope has the centres of the cirelea 
touching the sides for double points. 

15. Let ABC be a triangle inscribed in a conic U, and 2 
a circle having double contact with U at pointa ou a parallel 
to its minor axis. Let t, t' be the lengths of the direct and 
transverBe common tangents of S and the circle ciieumscrib- 
ing ABC, and let p^, pi, ps, p* be the perpendiculars from the 
centres of the four circles touching the sides BC, CA, AB on 
the chord of contact of 2 and JJ. Show that f if^ = e'pipsPiPt, 
where e is the eccentricity of U (see Ex. 11]. 

16. A triangle is inscribed in a variable parabola ; to find 
the locus of the intersection of the perpendiculars of the tri- 
angle formed by the tangents to the curve at the vertices of 
the triangle. 

Consider two consecutive parabolas indefinitely near one 
another, circumsoribed about the triangle, then the intersections 
of the perpendiculars of the triangles formed by the tangents 
lie on the directrices of the corresponding parabolas, and, 
therefore, the ultimate intersection of the directrices is the 
point whose locus we seek. Thus we see that the locus coin- 
cides with the envelope of the directrix. 

Let |Oi, Pi, p-i denote the distances of a point from the 
vertices of the triangle, and a, b, c, A, B, C the sides and 
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INSCRIBED TKIASGLES. Ij} 

angles, respectively, then we can verify the following iden- 
tical relation : 

(^p* + V' Pi + e'p/ - Ibc cos A pi'pi - 2ca cos B p/(^i' 

- 2ab cos C pi"p'" ~ 2flfic {a cos -4 pi" + 6 cos B pi' 

+ ccoBCp,^) + a'5'c= = 0. (1) 

But p„ ps, ps are equal to the perpendiculars a, j3, y from the 

vertices on the directrix; hence from (1) 

a'a' + b'li' + c'y' - 2bc cos A ^'y' - 2ca cos B y'a' 

- 2ab cos C a'0" - 2abc{a cos Aa' + b cos B^' 

+ coo3Cy')+aH'c'=^0, (2) 

which being rendered homogeneous by means of the identical 
relation connecting a, /3, y, viz., 

ii'u^ + b^ji' + c'7' - 25c cos A j5y - 2ca oos Bya 
- 2ab 00s C aii = i A\ 

shows that the envelope is of the fourth class. 

It can be shown that the curve (2) is universal. For 
the tangential equation l-ya + m ■^/^ + n ~/y - 0, where 
I + m + n = represents a series of parabolas circumscribing 
the triangle, and the tangential co-ordinates of the directrix 
can then be expressed as functions of I, m, n of the fourth 
degree (Salmon's Conies, Art. 383). The locus thus appears 
to be of the sixth degree. 

17. The co-ordinates of the centroid of a triangle ABC, 
inscribed in the parabola y' - px = 0, are o, j3 ; show that the 
co-ordinates «, y of the centroid of the triangle formed by the 
4, B, C are given by the equations 
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INSCRIBED TRIANGLES. 



18. Show that the equation of the circle passing through 
the middle points of the sides of a triangle, inscribed in the 
parabola y'- - px = 0, is 

4/ {x^ + ?/) - 2p (p,' - Spi - p') x-2 {2jfp, + piPi - pi) y 
+ 2pi (p^ + p^) = 0, 

where p^, p-i, ps are the sum, sum of the products in pftirs, 
and product, respectively, of the ordinates pi y%, y^ of the 
vertices of the triangle. 

19, A ti-iangle ABC is inscribed in a parabola whose 
focus is F; to show that one of the eircles touching the lines 
which bisect FA, FB, FC at right angles passes through the 
centre of the circle oircumscribiug ABC. 

Let pi, r,, rj, r^ denote the distances of a point P from 
F, A, B, G respectively; then if a, /3, y are the perpendi- 
culars from P on the lines bisecting FA, FB, FC at right 
angles, we have 

p' - r{' = 2rf,«, p' - r.; = 2rf.j3, p' - r,' = 2d.r/, (1) 

where di = FA, &o. Now tiic equation of a circle touching 
a, J3, 7 is 

cos I A y/a + cos^B </jj + cos i C v^y = ; 
01 from (I) 

.mi (6. - fc) J('!^*) * »-i- (9. - (-,) j(!^") 

,»ni(e,-e,)J('^'").o, (2) 

where 0„ O,, O.i are the angles which FA, PB, FC make with 
the axis of the curve. 
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But for the centre of the eirele passing through A, B, C, 
■i = j-j = rj, and from the polar equation of the parabola 



■which values satisfy the ec[uatioji_(2) identically ; therefore, &c. 

20. A triangle is inscribed in the conic — + — -1 = 0; if 
X, y are the co-ordinates of the centre of the circmnseribing 
circle, and x\ 'if those of the centroid, show that 

16 {a^x"- + h^f) + 9c'f™ + l^- J - Vie {xx' - yy') - c* = 0. 

21. A triangle is inscribed in a eonio so that the cireum- 
seribing eirele passes through two fised points, one of which 
is on the ourve ; show that the centroid and intersection of 
the perpendiculars lie on fixed lines. 

Show also, in the same case, that the nine-point and polar 
circles have double contact with fised eoniee. 

22. A triangle is inscribed in a conic XJ so that two sides 
are parallel to fixed lines ; show that the locus of the centre of 
the circumscribing eirele is a conic having the same centre 
and axes as JJ. 

23. If the centroid of a triangle iusorihed in a conic lies 
on a concentric, similar and similarly situated conic, show 
that the nine-point circle cuts orthogonally a fixed eirele 
concentric with the ourve. Show also that the area of the 
triangle is in a constant ratio to the area of the triangle 
formed by the tangents at the vertiees. 

24. A, B, C are three points forming a triangle inscribed 
in a conic, so that the tangent at each vertex is parallel to the 
opposite side ; and P is any point on the curve. If PA, PB, 
PC meet the opposite sides of the triangle in L, M, W, show 
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that the area of the triaogle LMN is double that of the 
triangle ABC. 

25. An ellipse oiroumsoribes a fixed triangle so that two 
of the verticeE are at the extremities of a pair of conjugate 
diaraeters ; show that the locus of its centre is a hyperbola 
with regard to which the given triangle ie self -conjugate. 

26. A conic ciroumscribes a fixed tiiangle ABC; if the 
diameter of the conic parallel to AB be given in length, show 
that the locus of its centre is a conic, whose asymptotes are 
parallel to AC, BC, and with regard to which C is the pole 
of ^C. 

27. A conic circumscribes a fixed triangle so that one of 
the vertices of the triangle is a vertex of the curve ; show 
that the trilinear equation of the locus of the centre of the 
conic is 

o (a + /3 cos C)(/3 sin ^ + 7 sin C - a sin A) 

-/30 + «oosC)(asin^-^8iiiB + 7 sin (?) = 0. 

28. A circle jS' circumscribes a triangle ABC inscribed in 
a conic S; if 0' - 4A9' = 0, show that the algebraic sum of 
the diameters of S parallel to AB, BC, CA is equal to zero, 
and if 6''-4A6'=0, show that the algebraic sum of the 
reciprocals of the diameters is equal to zero, where ii, 0, 0', A' 
are the invariants of S and S' (see Salmon's Conies, Art. 371, 
Ex. 4). 
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TI.— CIRCUMSCRIBED TRIANGLES. 

29. To find tho equation of the circle circumscribing the 
triangle formed by three tangents to the conic 



Let S ^ a^ + p'' - 2i)^x - ly'y + i' = be the equation of 
the oirole ; then, substituting the co-ordinates 
a cos |(a + /3) 6 6in^(a + /3) 

of the intersection of the tangents 

-cosa4-|Bin«-l =0, ^cos(3 + ^siuf3- 1 =0, 

in S = 0, we get 

fl'coa^^((i + |3) + h'm^\{a + 0)- ax\<x>%a + cos (3) 

- hy' {sin a + sin /3) + A' cos'i (a - P) = 0, 
or ^ + 6- + A* + (a' - J'} oos (a + /3) + F coa(a - /3) 

-2ay(cosa + cOB^} - 2V[8in a + sin /3) = 0. (1) 

Now let cos a + cos /3 + oos 7 = ^, sin a + sin j3 + sin 7 = <;, 
o + /3 + 7 = $, then we have 

oos (a + ^)= 00s($ - 7), cos (a - ^) = ili*' + ?' - 1) 

- (i) COS 7 + 2 sin 7), 
and (1) may be written 

Lcosy + i!fsin7 + iV=0, (2) 
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18 CIRCUMSCRIBED TEUNULES. 

where L = [a' - If) cos ip + 2a/ - Ji'p, (3) 

M= [a' - ¥) sin ^ + 2h/ - ¥q, (4) 

N= a^ + V - 2pax' - 256/ + |(j)' + ff + 1). (5) 

But since (2) istniewheny isrepla«ec[ by a and/i^, respec- 
tively, we must have L ^ M = N = 0. Eliminating, thon, 
x, y' from these equations, we got 

^^ ^ 2{ a' + ;.' + (a'-6°)(jJOQB0 + gsin^) ) 
jj^ + 2= - 1 

4cosi(a-^)cos^yi-7)coH(y-«) '^ ' 

since f cos ^ H- ? sin ^ = coa (o + /3) + cos (/3 + 7) + cos (7 + a), 
imd i,Hg^-l=411-co5H(«-/3)-«sHO-y)-eos^i(7-a)! 

= 8co8j(a-/:j) cos^(/3-7) eosi(7-a). 
Hence, finally, we may write the equation of S thus : 
x^wf — }ft'(ooBa + C0S/3+ cos 7) + (a' -6') cos (a + /3 -1-7}} 



+ F = 0, (7) 

where ¥ has the value (6). 

We may also find the equation of the circle as foUows: — 
If U is the radius of the circle, and A, A, B, C the area and 
angles of the triangle, respectively, we have 

^.^ A 

2 sin A sin .5 sin C" 
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CIRCUMSCRIBED TRIANGLES. K 

but A = aft ton H" ~ i^) t^i^ j- - t) ti^'i i (t " «) 

(Salmon's Com'cs, Art. 231, Ex. 9), 

, . . ah sin O - y) 
and sin j1 '^ ■ -'— 



\/ \ {<^ sin°/3 + ^ cos'/3) («° sin^ y + 6' 008^7) } ' 
sin £ = &o. ; 
hence we have 



ii = 



y/ 1 (a' sin'' Q + 6^ coaV) (a^ sin^/j + ft' cos^ff }( «' sin- 7 + ft- c os' 7)} 
4«6cos-J-{a - P) cosK/B - 7) cos ^{y - a) 



Now let a, /j, 7, d, /3', 7' be tlie perpendiculars from the 
foci on the sides of the triangle, then aa' = ^j3' = 77' = ft% 

and a' sin A + jS'ain £ ^- 7' sin C = ^, identically ; therefore 



ft' ((37 sin^ + 7asinB + a/3 sin C) - ^a(37; 

hut (37 sin ^ + 711 sin £ + a(3 sin C = - sin A sin .B siu C; ' 
(Salmon's Cojncs, Art. 132, Ex. 2) ; 

hence hH^ = -%Ra^y; (9) 

and, of oourse, also ft-i" = - 2Ita^'y' (10} 

for the other focus. 

Now we have k^ - 2gc' + c' = ;', 



and if we express a, (i, 7 in terms of the eecentiic angles, we 
get 

ft (c cos a - rt) -, „ 

y fl'sin'a + ft=cos'a) ' 
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CIKCUMSCRIBED TRIANGLES, 
ice (9) and (10) become 

- 5rf ^ e . J;L r<'c.s-)(»-.co.ffi(<-,oo .j) 

a(j cos ^(a-p) c09^(p-7) cosfty-a) 
(a + (;coso)(« + ceos^)(a + ccosy) , 

Tvliieli give by subtraction 

, _a' (cos a + co s )3 + c os 7) + c' coa a cos g cos 7) , 
"^^ ""4fl7oH(«"-"W"cosf(0-7Toosi(7~aj" ' ^'^ 

whieb is equivalent to the value already obtained. By sym- 
metry, then, or by means of the imaginary foci, we arrive at 



^ 4ii cos i [a - J3} cos ^(J3- 7)003^(7 
Also adding the equations (11) and (12) we get 

_ a^ + c' (cob n cos P + cos P COS 7 + cos 7 cos q) 

2ooBi(«-J^)c08i{/3-7)oosi(y-a) ' ' 
From (9) and (10) we got at once 

fP = WE', (15) 

the invariant relation connecting the circle and the conio. 

We can obtain an expression for the radius of the circle 
in terms of the distances p], pi, p^, p/, pi, p/ of the foci from 
the vertices of the triangle. Let a', b', cf, A', be the sides and 
area respectively of the triangle formed by the feet of the 
perpendiculars from a focus on the sides of the given triangle ; 
then, since the auxiliary circle of the conic passes through 
the feet of the perpendiculars, we have 
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but a = pi sin A, b' = p-s siu B, c' = p, sin G, 

and Sd' = - smA sin B sin Ct^ 

{Salmon's Conies, Art. 125), 
Hence pifspa = - ^uf, (16) 

and similarly for the other focus, 

p\ Pi Pi = - ^af^ \ 
therefore from (15) 

p, ihJHp^llfHP^ 

-^= 16^=6' ■ 
30. To find the equation of the polar circle of the triangle 
formed liy three tangents to tho conic 

Let the equation of the circle be {x-x'Y^ [y -y'Y-t^ = '^-< 
and let 3{,y' be the co-ordinates of the centre of the circum- 
scribing circle, and a, (3 those of the centroid ; then, by a 
known geometrical relation, we have 



(ii"=3«-3/, y"=3j3-2/. 

But - = ""^^<"-^^) + o"a^(j3 + T) ^ cosJJtM 
a cos 5 (a - /3) cos i (/^ - y) oo^ i (7 - a) 

_ 3 (OOS g + cos /3 + COS 7) + co s [g + J3 + 7) + 4c0 3 a COB J3 COS y 
~ 4008i(a-^i3)cO8T(3 - ^ycOSjTY^^ ' 

hence, substituting for / from Ex. 39 (13), we get 
and, similarly, 

_ iM^,_a + ^ g + siny4- ein (a + 3 + 7)) 4 2 («^ + S') sin « ainfl-imy 
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22 CIRCUMSCRIBED TRIANGLES, 

Also the absohite torm x'"^ + if ~ r' = a^ + ¥; for by the 
invariants we know that this circle cuts orthogonally the 
director circle {Salmon's Conies, Art. 375, Ex. 4). 

If r be the radius of this circle, and U, tt, t-i the lengths of 
the tangents from the vertices of the triangle to the director 
circle, we have 

)■' = - 2A oot A. cot ^ cot O ; 

but cot A = ^ -r , -■■ ' -TT , -, cot B = &D. 

2ah tani(p - y) 

[Salmon's Conks, Art. 169, Ex. 3) ; 

and A = (tS tan ^ (j3 - 7) tan ^ (y - a) tau 5 (a - /3) ; 

thercloro r = ~ — rrr- 
4a- b^ 

For the elHpse, if r ia real, one of the quantities ii, t^, t, is, 

of course, imaginary. 

For the parabola, «/' - 4jk« = 0, we find 



,^„- 



p,P2p, 



where pi, p^, Pi are the perpeudiculars from the vertices of 
the triangle on the directrix. 

31, The circle cireumecribing the triangle formed by three 
tangents to a conic passes through the centre of the curve ; 
show that three extremities of the diameters parallel to the 
tangents lie on a circle passing through the centre of the 
curve. 

32. If the nine-point ckcle of the triangle formed by 
three tangents to a hyperbola '-^-^-1 = passes through 
the centre of the curve, show that the centre of the circum- 
scribing circle lies on the confooal hyperbola - — ^ = 1. 



y Google 



CIRCUMSCRIBED TRIANGLES, 23 

33, Show that the polar circle of the triangle formed by 
three tangents to an equilateral hyperbola touches the nine- 
point circle of the triangle formed by the points of contact at 
the centre of the curve. 

34. Griven a triangle circumscribed about a conic and the 
length of the axis major, show that the locus of the foci is a 
curve of the sixth order, of which the vertices of the triangles 
are nodes (see Ex. 29 (16)), 

33. To find the loans of the centre of the circumscribing 
circle of a triangle circumscribed about a conic S, and in- 
scribed in a conic S'. 

It may be shown by the invariants that, if a triangle be 
circumscribed about a conic S, and inscribed in a conic 8', it 
is also self- conjugate with regard to another fixed conic. 
Taking the values for S and S' in Salmon's Conks, Art. 376, 
we find the following value for the covariant F : 

F^-i d/har' + hff +fcjz^) +4{f+g+h] {fyz + gzs + hxnj) , 

from which it is evident that ghx^ + kfy^ +/gz'' = 0, being ex- 
pressible in the form 2F- 08' = 0, represents a fixed conic. 
Let U8 put 

S - J + |J - 1, S'. {a, V, c.f, ,J, K) Ix, f, Vf; 

then if we substitute the co-ordinates of the intersection of 
the tangents 

-co3a + |sina-l = 0, -cos/3 + |sin/3-l=0, (1) 

in 8' = 0, we get 
{a'a' - h'b^ + c') cos a cos + {h'V - a' a' + c') sin a sin ^ 
+ £)!'«' + 6V + c' + 2 A'ffS sin (a+^) + 2/(i(cosa cosj3) 
+ 2/6 (sin B + sin /3) = 0. 
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But this relation evidently expresses that the tangents (1) 
are conjugate with respect to the eonio whose tangential 
equation is 

fl' {«'«' - b'b^ + e') X' + b^ {b'b^ - d^ + if)i^ + («'«' + b'b' + c') v^ 
+ ^h'aW\n - 4/sV\ - ifb^jiv - S = ; (2) 

and triangles circumscribed ahont 8 and inscribed in 8' ai-e 
then evidently self- conjugate with regard to S. Now, since 
the circumscribed circle of the triangle cuts orthogonally the 
director circle of S, we have 

(«V + bV + </) {x^ + / - r=) + A{ga^x +fb^p) 

where w, y are the co-ordinates of the centre of the circum- 
scribing circle, and r is its radius {Conies, Art. 294, Ex.). 
We have also from Ex. 29 (15) f T = 46V=, or 

{a? -V y^ + a^ ■¥ ¥ - r') = ^{a^x^ + b'^y'' + a^b''); (4) 

hence, eliminating r between (3) and (4), we obtain 
{'if/a'x + ^fh'y-aH'ia' + b'))' 

= (flV + b'h^ + cjia'x' + b'f + a'b']. (5) 
If c/a' + b'b' + c' = 0, this conic becomes the square of a 
line, and in no other case will its discriminant vanish; for, if 
we form the discriminant of (5), we get, after dividing by 

{a'a' + bV + c'Y = ia'g" + Wf + a^b"- (a' + bj, 
and this combined with the invariant relation connecting 
8 and 8\ viz., 

(aV + VV + cj = ia'b'ia'b' - h"') + 4a'/' + 4b\r, 
gives (a - b')- + ik" = 0, whence a = b', k' = 0, or S' must bo 
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a circle, in which case, o£ course, there is no locus, lif = 0, 
'a' 

the looua becomes a circle. 

36. To find the envelope of the circle circumscribing a 
triangle cireumscribed about a conic S, and inscribed in a 
conio S'. 

By the preceding example the eiroumsoribing circle outs 
orthogonally the circle (3), and has its centre on the conio (5) ; 
its envelope ia, therefore, a bidrcuhr quartic : a curve which 
is usually defined in this manner. 

When the circle (3) and the conio (5) have double contact 
with each othor, it can be shown that the quartic breaks up 
into two circles. If C is the circle (3) taken so that the coef- 
ficient of x' + y'' is unity, two chords of intersection of (3) and 
(5) are easily seen to be y' + [x + cj'' - = 0, from which it 
is evident that (3) and (5) wUl have double contact, if the foci 
of S lie on C ; in fact, putting 

the conic (5) becomes 

0- + o')/-«'c.o, 

and the envelope then breaks up into two circles passing 
through the foci. When C passes through the foci, we must 
have from (3), 

g'= 0, (a^ + py^- {a^ - W) [a'a^ - b'U'] + («= - ¥) (</«=4 i'fi= + c') = 0, 
or c' + {a!'-b')a' = 0, 

horn which it follows that S'must pass through the foci of S. 
Hence, if a triangle be circumscribed about a conic S, and 
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inseri'bed in aaother conic passing through the foci of 8, the 
circumscribing circle will touch two fixed circles also passing 
through the foci of iS". If 8 becomes a circle, (3) and (5) 
have double contact with each other, and the envelope 
breaks up into two circles, which agrees with the result of 
Ex. 11. 

37. To iind the locus of the centre of a circle which 
touches the sides of a triangle circumscribed about a conic 
8, and inscribed in a conic 8'. 

3jet {«", b", c",f" g", h") {x, y, lY- V= be the equation 
\Q. x,y co-ordinates of the conic which wo have called 2 in 
Ex. 35 (2) ; then, if x, y are the co-ordinates of the centre of 
the circle, and r its radius, we have 

F= »■=(«" + ft"). 

since the circle touches the sides of a triangle self-conjugate 
with regard to V{Oonics, Art. 375). But we have also the 
invariant relation connecting the circle with the conic S', viz. 



Ex. 10 (3), if iS" be written in the form 

hence, eliminating r, the locus is a curve of the fourth order- 
If the conic 8' become a circle, the locus is a bicircular 
quartie ; for if we put 

x' + y'-l^ S', and F= {a, b, c,f, g, h) {x, y, If, 
we have, from Euler's equation, a:* + y' - 1 = 3r, which, com- 
bined with V= >■' (a + b), gives (a + &)(«= + /- 1)' = 4 V. 
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This quartic, when certain conditions are s 
up into two circles. Putting h = 0, and equating 
4F 



{.^^f-lf-- 



vb 



to tKB product of the circles x^ + 1/ + X'X' + k, x'' + y^ - px -i- /;', 
wo get conditions which, oombined with the invariant relation 
c (« + 6) =/' + (?' + flS connecting V and S", give the further 
relations /= 0, j/' = a^ - b^. The latter relations might, of 
course, he replaced by g- = 0, /^ = 6* - a*. 

38. A triangle is circumscribed about a conic 8 and in- 
scribed in a conic S', having double contact with the director 
circle of S ; show that the polar circle of the triangle touches 
two fixed circles. 

If S' is a parabola, show that the polar circles form a 
coaxial system. 

39, To find the locus of the centre of the nine-point circle 
of a triangle circumscribed about a conic S and inscribed in a 
conic S'. 

Let ^ + C - 1 = 

be the equation of ^, and [A, B, C, F, G, E) (A, n, vf = 0, 
the tangential equation of 8 ; then, expressing that the chord 
"^ cos i (a + /3) + ^ sin i {« + /3) -cos i (a - p) = of S' touches 



^¥' 



|{a + /3) + Cc05'i[«-3) 



- — (co8a + co8^)-■r (sin a + sin P) + -7 sin (a + /3) = 0, 
which, as at Ex. 29 (2), may be written in the form 

L cos -y + J/ sin T + iV = 0, (1) 
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^ -^■*-i--^"-T '**''<•'•' ■"''»• 


(2) 


„ lA S\ 2ff . 2e „ 


(3) 


„ fA S\ . 2ff 2F „ 
^-b-5 '°"*-^"'* + T^''»■ 


(4) 



But, since (1 ) is true, when y is replaced by o, /3, respectively, 
we must have Jj = M = N = 0. Now, ii a^, y are the co-ordi- 
nates of the centre of the nine-point circle, we have, from 
Ex. 2, (1) and (2), 

8ax = (3a' + f)'')p - e' cos ip, 8by = {«= + 3i=) g - c' sin $ ; 
hence, from M = JV = 0, we get expressions of the form 
« = X + /i cos + y sin ^, y = X' + n' cos ^ + u' sin ^, 
from which it follows that the loons is a conic. 

li H = ± v', V = T n', this conic will become a circle, and 

then we ha^ 



a + b ■ 
If ftv' - n'v = 0, the locus reduces to a hne. 

40. A triangle is eireumscribed about a eonio S and in- 
Bcribed in a conic 8'; show that the nine-point circle cuts 
orthogonally a fixed circle. 

41. A triangle is cireumseribed about a conic 8 and in- 
scribed in a conic 5" ; show that the radical axis of the 
circumscribing and nine- point circles touches a fixed conic. 

42. A triangle is circumscribed about the conic 

and inscribed in the circle {x - a^ -f (y - ,8)' - ■/•" = 0; if s be 
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half the eum of the angles subtended by the foci of the conic 
at the vertices of the triangle, to show that 

o^ + j3° - r'' - c' = 2ar cos s, c/3 = ar sin s. 

The relation at Ex. 29 (9) is, of course, also true for the 
imaginaiy foci, with the exception that b must be replaced by 
a; thus we have a't^ = -2rajiy. Now, if iKcosw + jsinw 
- p = he the equation of a tangent to the conic, we have 
a=i' + Cv^-l8in(.i; but^ = « eos^, c sin o> = « sin^, where 
ij> is the angle the focal radius vector makes with the normal; 
hence, a = ae*'"', and similar values for /3, y. Now it can 
be shown by geometrical considerations that the sum of the 
angles subtended by the foci at the points of contact is equal 
to the sum of the angles subtended at the vertices of the 
triangle; hence, we have P = 2are^''-^; therefore, putting 
f = a' -i-{^ + c \/~-iy, and equating real and imaginary 
parts, we obtain the results required. 

43. To find the locus of the centroid of an equilateral 
triangle eiroumscribed about a oonie. 

Let — + ~-l = be the equation of the conic; then, 
from the invariant relation connecting the conic with the cir- 
oumsoribing circle of the triangle, we have, from Ex. 29 (15), 

R'-2B'{^^f+a' + b') + {x'^p''f-2c'{x'-y') + c' = 0, (1) 
where R is the radius of the circle, and a^, p the eo-ordinatea 
of its centre. Again, from the invariant relation connecting 
the conic with the polar circle, we have 

x' + f = ii'+b'+M, [2] 

where M is the rectangle under the segments of the perpen- 
diculars. But, for an equilateral triangle, M=- ^M'^ ; henco, 
eliminating E between the equations (1), (2), we get 
(Zx' + 3/ -a'- b'Y= 4{a'x' + b'f + d'V). 
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44. To find the equations of the circles touching the sides 
of a triangle circumscriljed ahoitt a eonio. 

Let the equation of the conie ha — + '— - 1 ^ S = 0, and 
that of one of the circles {« - x'f + [y - yy - r' ^ S' =-(i; then 
the conditions that the Hne \x + jxy -1 -^ should touch 
8 and S' are 

a=A= + 6V' - 1 - S = 0, {x'\ + y'lx - \Y - r' (X' + ^') - S' = 0, 
respectively. 

Now, if we form the discriminant of 2 + — 2', we get 

which is identical with the equation already obtained in Ex. 1 
for the discriminant of S' - h'8. But, writing S + -^ 2' in 



■when S + -^ S' represents two points, these points must lie 
on the oonf ooal conic {a' — A°) X' + {!>' - A°) ^° - 1 = 0, 

O' t^. + tAsI""- (3) 

Hence it follows at once that the extremities of a diagonal of 
the quadrilateral formed by the common tangents of 8 and S' 
lie on the same eonfocal conic, three conies such as (2) corre- 
sponding to the roots of the equation (1). From (2), if v be 
half the major axis of a eonfocal conic passing through a 
vertex of the triangle, we haye h' = a' - v' ; and the equa- 
tion (1) then becomes 



, - 1 - 0. (3) 



y Google 



CIRCUMSCEIBED TRIANGLES. 31 

This equation (3) gives the aemiases vj, v?, v^ of three 
coiifoeiil conies passing through the vertices of the triangle ; 
and from its absolute term we get 

(Jc/ = ViVai/a, (4) 

and similarly from the absolute term of the ec[uation whose 
roots are 



Also from the coefficient of v* wo have 

x'^ -V if - r^ = vi' + V2^ + v-i - a- - tr ; 
hence the equation 

, 'iv.viv^x 2 . . .- ^-— — 

^^ ^ — ST^ ~ be -^^"^ - "'^^ ^"^ - "''^ ^'^' - "'^ y 

+ I-,' + vi + r/ - n' - c= = (6) 

represents one of the circles touching the sides of the triangle. 
If S is an ellipse, these three confocals are hj^erbolse for the 
circle inscribed in the triangle. If ^i, ^s, fi, are the semiaxes 
of the three confocal ellipaea passing through the vertices of 
the triangle, the equation 

. 2fi,ii^ViX 2 — — ^:,-T-;.— — i■^ 

"^ + r - ^^^ - ig y (Ml' - «0 (^^ - " ) {''' - ^■^) y 

+ jwi' + M^' + "s^ ~ a* - c" = (7) 

represents one of the exscribed circles. 

Fi'om the absolute terra of the equation (1) in Ji' we get 
for the radius r of the inscribed circle 
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and for the radius r' of an exscribed circle, 



, _ v/(^,'-»-)(^. - —■)(»• -»■■) , 



TVom these expressions for tho radii we deduce, if h 
the semi- perimeter of tke triangle, 



s = v^(^ '' ~ ^) J !*' - "') (l'^' - "') , (10) 

ab 

By means of elliptic functions the ec[iiation of the circle 
inscribed in a eircumscribod triangle can be written in a form 
similar to that of the circumscribing circle of an inscribed 
triangle. Putting x = a sin $, if' = b cos ip for a point on S, 
the eijuation of the tangent at x', y is 

- sin * + 1^ cos A - 1 = ; 

and if we suppose this tangent to pass through the point 

K = /J sin i//, y = \/(n^ - li'} cos \p, 
on the confocal ellipse 

-. * -1^. - 1 - 0, 



n^ siui^ + ■ \ ■■ ■- eos^ eos->^ = 1. (11) 



Comparing this equation (11) with 



cos ^ cos 1^ + sin sin i^ v^(l - ¥ sio'ir) = cos u, 
we get k = e, sinV = -^- — - ; (12) 
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hence we have F(^)- F {ip) = F{t), and for the other tan- 
gent - COB $' + I sin ^'- 1 - through xyF{'P)-F {$') =i*' (<i), 
whence 2F{^) = F{,<^)+ F{>p'). (13) 

But if V be the semiaxie of the eonfocal hyperbola passing 
through xy, we have x = — = n sin i^, whence i^ = c sin i^ 
= c sn ^ (M, + K,} from (131, if we write F{^) = m„ F{^'] = %. 
Thus we have with the usual notation of eUiptic functions 

«' = - sn ^ (», + ih) sn ^ (mj + Ms) sn i ((ia + «i), 
S^ = - ^ en J (Ml + !(s) on I (% + M,) en ^ (u, + «i), 
r = — dn-| (tti + «E)dn-|- (i(j + ttjj'^^'a (*'j + "O' 

From (12) we have 

ay {I - i sin^ <r) «dn|(Mi-!(s) 
COS (T en i (W| - iij) 

and y(^' - c^) = — -r- r; 

en i (Mi - Ma) 

hence, for an exsoribed circle, 

,, _ dni («i - t(s) dn|{Mi. - Mj) sn^(Ma + Mi) 

en ^ («i - Ms) en i (Mj - Ms) ' 



cn^ (mi - Mj)en^ (mj - M3)' 

' = f, sn^ (mi - M,) sn^ (m; ~ uj) dnj - ( itj + », ) 
oni (mi - Mj) cn.^ (% - Ma) ' 

and similar expressions for the other osscribed circles. 
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45. Show, by comparing the equations of the circles in 
Ex. 1 and Ex. 44, that the points of contact of tangents to a 
conic S, which are parallel to its chords of intersection with a 
circle S', lie on oonfocal conies passing througli the points of 
intersection of the ooiiiinon tangents of 8 and 8'. 

46. If two vertices of a triangle oirciunscrihed about an 
ellipse move along confocal hyperbolte, show that the loous of 
the centre of the inscribed circle is a concentric ellipse. 

If two vertices movo along confocal elhpses, show that 
the centres of each of the inscribed circles he on concentric 



47. A circle touches the tangents drawn from a variable 
point on a conic iS to a confocal conic, and cuts orthogonally 
a circle 8'; show that its centre hes on a conic passing through 
the intersection of 8 and 8'. 

48. Given a triangle circumscribed about a conic and a 
point on the curve, to find the envelope of the director circle. 

If the conic referred to the triangle be written in the 
form i/to + ■^/m(i + ^/my = 0, the equation of the director 
circle is lbc8, + mcaS^ + nahS, = (1) (Conies, Art. 383), 
where Si, Sj, S3 are the three circles described on the sides 
of the triangle as diameters. But the envelope of the 
circle (1], subject to the condition v^/a' + v^m/3' + v'wy' = 0, 
is aa'S^S, + h^'8,S, + cy'SA = (2), which represents a 
biciroular quartio passing through the vertices and the feet of 
the perpendiculars. We can also see that the envelope is a 
bicircular quartie, from the fact that it cuts orthogonally the 
polar circle, and has its centre on the fixed aonm [Cmics, Art. 
293, Ex. 2) 

+ y{cy'[aa+bii-r.y)\^0. (3) 
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When the quartio breaks up into two circles we see from 
(2) that these circles must be the eircum scribing and nine- 
point circles of the triangle. If the fixed point is at infinity, 
the quartio can break up into one of the sides of the triangle, 
and the circle described on the opposite vertex and the in- 
tersection of the perpendicidars as diameter. 

To find the point through which the curve passes in the 
first of these oases, wo express that the radical axis of the 
director circle and the cireumseribing circle [OonicH, Art. 383] 

la cot A + m/3 cot B + ny cot P = 
touches the circumscribing circle, when we obtain 
■s/l cos A + •/m cos B + y/ n cos (7=0, 
which is evidently the condition that the conic should pass 
through the centre of the circumscribing circle ; hence, if a 
triangle be circumaeribed about a conic, so as to have the 
centre of the circumscribing circle on the curve, the circum- 
scribing and nine-point circles will both touch the director 
circle. We can verify this result by means of the invariants; 

x" if 
for if we write the conic — + 7; - 1 = 0, and the cireumscrib- 

a b 
ing circle {x - aff + {y — t/'Y - r^ = S = 0, we have 

(x' + i/' + «' + *'- 1-=)^ - 4 {(,'af^ + b^iy + tf 6=), 

which, combined with r + y/ic^ + li') = -v/{«'° + y"'), the condi- 
tion that the director circle should touch S, gives 

— - i- '-77 - 1 = ; therefore, &c. 

a- ir 

If a tangent to the curve touch the director circle, we can 
easily see that it must be perpendicular to an asymptote ; 
hence, if a triangle be circumscribed about an hyperbola, so 
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36 CIRCUMSCRIBED TRIANGLES. 

that one of the sides is perpendicular to an asymptote, the 
director circle will touch that sido, and also from (2) the 
circle desorihed on the opposite vertex and the intersection 
of perpendiculars as diameter. 

In all the cases in which the envelope breaks up into 
curves of lower degree, the conic (3) has double contact with 
the polar circle ; in fact, putting a = cos A, ji' = cos B, 
7' = cos t? in (3), it may be written in the form 
o' sin 2 A + fi"' sin 2S + y' sin 2C 

-2&uiA sin £ sin C (a cos ^ + /3 cos -B + y cos Cf = <i; 
and putting a = cob B, /3' = cos A,y' = -\ for the point at 
infinity on the perpendicular to 7, (3) becomes 
o' sin 2^ + /3' sin 2S + y sin 2 (7- 2 sin ^ sin 5 sin Cy' = 0. 

49. Given a triangle circumscribed about a conic, and 
that a directrix passes through a fixed point, to find the locus 
of the corresponding focus. 

If pi be the distance of the focus from a vertex A of the 
triangle, ^p^ the angle subtended at the focus by the side 
opposite A, a the perpendicular from A. on the directrix, and 
e the eccentricity of the curve, we have (Conies, Art. 191J 

ea = p, cos ^1 = — ^, (1) 

where S^ is the square of the tangent drawn from the focus to 
the circle described on the side opposite A as diameter, and pa, pa 
are the distances of the focus from the other vertices. Now, 
if «, /3, 7 are the perpendiculars from the vertices on the 
directrix, we must have la + »»/3 + tiy = 0, where I, m, n are 
the area] co-ordinates of the fixed point ; hence the focus lies 
on Ip,^ S, + mp,' S, + npi' S, = 0, (2) 
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whicli represents a bicircular quartie ciroumscribiug the tri- 
angle. 

If the fixed point is the intersection of the perpendiculars, 
the quartie (3) mnat be divisible by the oireumsoribing; circle ; 
for a parabola always satisfies this condition, and then the 
foous lies on the eirciunscribing circle. The other factor is 
the polar circle of the triangle ; for this circle is orthogonal 
to the director circle, and it can easily be proved that a circle 
orthogonal to the director circle, and having its centre on a 
directrix, passes through the corresponding focus. 

If the directrix is parallel to a given line, the locus is a 
circular cubic, as may be alee proved as follows : — Let x, y, z 
be the perpendiculars from the foous on the sides of the 
triangle ; a, /3, 7 the angles between the sides and the given 
line ; then we have 

x^-\-'2cxiiosa-h'' = 0,1/ +2cycos|3-6^ = 0, 3^ +2cSC0S'y- i' = 0; 
and, eliminating b and c from these equations, we get 

X cos a if - s') + y cos ji(x^-a^j + s cos y («' - f) = 0, 
■which represents a circular cubic passing through the vertices 
and the centres of the circles touchinig the eides. 

50. A triangle is circumscribed about a conic so that the 
lines, which are drawn from each vertex to the point of the 
opposite side with the circle escribed to that side, intersect on 
the curve : show that the circle inscribed in the triangle 
formed by the middle points of the sides passes through the 
centre of the conic. 

51. A conicwhose foci are F,F' is inscribed in a triangle; 
if F lie on the polar circle of the triangle, show that an equi- 
lateral hyperbola can be described, having F' for centre, and 
passing through the feet of the perpendiculars from F' on the 
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If F He on one of the circles touching the sides, show 
that a parabola can bo described having F' for focue, and 
passing through the feet of the perpendiculars from F' on 
the sides. 

52. Show that the intersection of the perpendiculars of a 
triangle formed by three tangents to an equilateral hyperbola 
and the centre of the circle passing through the points of 
contact of the tangents are conjugate with respect to the 
curve. 

53. Atrianifleie oircumsorihed about the conic —+7-^-1=0, 

"= a- b^ 

so that the radical axis of the circumscribing and polar circles 
passes through the centre of the curve ; show that the centre 
of the circumscribing cirele lies on the conic 
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III.— SELF-CO?rjUUATE TEIANGLES. 

54. To find the equation of the polar circle of a triangle 
self- conjugate with regard to a conic. 

We have seen in Ex. 1 that when a conic and circle are 

written in the forms S ^ — + -- - 1 = 

the discriminant of S - h^S' is given by the equation 



,._A.+ s='_,^+,.-i-o. 


m 


But if S mi S' are referred to their comrac 


m self-conjugate 


triangle, we have 






(2) 


„ a- ,m2A * H- ,m2B ^ y' ,i 
2 sin ^ Bin £ sin C 


'-'A (») 



whore «', /3 y ii the c ordinate^ of the entie of S S being 
taken so that the lesult t ubstitutmg the^ie values i5 nega 
tive unitj and S so that the Loefficient oi i + i/ js unity 
But when S an] S .iie wiitten in tne i im^ (2 and (3) 
the discriminant of ^ / b is 

whore R h the radius of the circumscribing circle, Tliis 
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eqiiation must coinoide with (1); heDce, if lh\ hi, h/ are the 
roots of (1), we have 

Ai' hi hi = - SH,^ a (i' y cos A 008 JS cos C ; 
but hih-ihs = ahr, as we have seen in Es. 1, and 

)■" = - 4£^ cos -4 eos5 cos (7; 
therefore 2E = -^t^.- (4) 

Again, if Xi, t/i, &o., are the co-ordinates of the vertices of the 
triangle, we have cos^l = -(i'y'[^^+ ^r); therefore 

f>i = - 2na' cos A = 2Ea'fi'j' (^' + ^^y u' 4 U' - x,x, - y,y^ 
from (4), since 

^ + ^» = 1, and a'-hi = e^x,x„ h,' - i>' = t y.y,; 
hence, since as in Ex. 1, 

»'-^y !(<'■-''.■)(«■ -*.-)(«•-*.■),', 

we obtain / - -^ xxx^iX^, 

and, similarly, / = ~ u yiUiP^i 

also »'" -I- p"' - r' - a' + t>^ - (hi + hi + hi) 

= e' (x,ah + .^2«s + fl^5«i) - {a" + c'). 
Thus, Bnally, the equation of ^ can be written 

■«^ + // - — 'P|.^=*3a; + ~ yipi^sp ■¥ e' (.T,a^, + cc^x, + a'a*,) 
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55. To find the equation of the circle eireumseribiog the 
common self-conjugate triangle of two conies. 

Let S and 8' he the two conies, then the director circles 
of ail the conies of the system iS + ^jS' = cut orthogonally 
the circle circumscribing their common self- conjugate tri- 
angle. Bat the director circle of 8 + kS'is {Conies, Axt. 394) 

cy + 2A + (?' = 0, 

where C and C are the director circles of S and 8', and 

S ^{db + I'a - IhU) {x' +f) - %x (/A' H-/'A - bg' - h'g) 

-''iy{gK ^^k-af ~df) 

^c{a + b)^c{a' + K)-2gg'-2ff 

is the director circle of the covariant conic $ ; hence we 
obtain the equation of the circle required by forming that of 
the circle cutting C, C and S at right angles [Conies, Art. 
132, (a) ). 

56. To find the locus of the eentroid of an equilateral 
triangle self- conjugate with regard to a conic. 

Let -B be the radius of the circumscribing circle, and r 
that of the inscribed circle, then if the equation of the conic is 



3f- y' 



1 = 0, 



we have, from the invariants, 

:r' + / = a' + i= + R\ b'x'+a'f - a'b'^ia' + b'y = |(«'-' - 
hence the equation of the locus is 

((C- ib')x' -{M- b')!f --^ [a' -¥f, 
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57. Show that the circle circumscribing an equilateral 
triangle eelf-con jugate with regard to the conic 



has double contact with the bicircular quartie 

58. To find the locus of the vertices of equilateral tri- 
angles self-conjugate with regard to a conic. 

Let the eonie be — , + t; - 1 = 0, and let a; cos a + )/ sin u = 0, 
X cos (5 + p am 1^ = be lines through the origin pai-aUel to 
the two sides of the triangle which meet in the vertex w, y. 
Then, expressing that these sides form a harmonic pencil 
with the tangents to the curve from w, y, we get 

oosocos/3(af°"-«') + sina8in^(/ -i'^)-«ysiii(a + (3) = 0, 
or {^ + r - «= - i') cos [a-^)-{:^-t~ &) cos (a + /3) 
- 2»;y sin (« + ^) = 0. (1) 
But fos (a - /3) ^ COS 77 = J, and a + 3 = 2(u, 



where 



J(Mi)' Je^S)' 



hence (1} becomes 

which represents a quartie curve with a node at the origin, 
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If a' - 36^ = 0, the looua bieaka up into two imaginary 
oonics. 

For the parabola if - ^mx = the loeue is 

if [Zx + Im) ~ 4m' {« - 3m) = 0. 

59. Given a triangle self-ooniugate with regard to a 
conic, if a directrix passes through a fixed point, to find the 
locus of the corresponding focus. 

If a conic be referred to two lines x,y,&i right angles to 
each other through a foeue, and 7 the corresponding directrix, 
the equation of tlie curve is if + y^ = ^-f ; hence, if two 
points are conjugate, we have xix^ + yxy^ = ^yiyzi which 
may be written 8s = e'(iy, where fi,y are the perpendi- 
culars from the points on the directrix, and S^ is the square 
of the tangent drawn from the focus to the circle described 
on the line joining the points as diameter. If, then, we are 
given a self- conjugate triangle, and a directrix pass through 
the fixed point detormined by the equation la + m/3 + ny = 0, 
the corresponding focus will lie on the biciroular quartic 

lS-.S, + mS,8, + nS,S^ = 0. 

This quartic coincides with the envelope of the director 
circle in Ex. 48, and will break up into circles in the same 
eases. 

60. Given a self -eon jugate triangle with regard to a 
conic : if a directrix touch a conic (7 inscribed in the triangle, 
show that the corresponding focus lies on the director circle 
of P". 

61. A triangle is self-conjugate with regard to a conic ; 
show that the feet of its perpendiculars form a triangle cir- 
cumscribed alsoiit a confoeal oonio. 
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63. GKven a self-coDJugate triangle with regard to a 
conic, and that half the length of the axis major is equal to 
the radius of the polar circle, to find the envelope of the axis 
minor. 

If two points are conjugate with respect to the conic 



or x^Xi + y^y^ = b' + e'x,w-,, 

which may he written 8, = l/'^ + e'liy, {1} 

where 8, is the square of the tangent drawn from the centre 
to the circle described on the line joining the points aa 
diameter, and /3, y are the perpendiculars from the points 
on the axis minor. Now, if ji, B, C are the angles and d 
the area of the triangle, we can verify the following identicaJ 
relation : 

:S'.ian^ + «.tan5 + 5'3taiit7 = 2i + (!=taD^tan£tanC, (3) 

where t is the tangent drawn from a point to the circum- 
scribing circle of the triangle. But f - «" + b', since the 
oircumsorihing circle cuts the director circle orthogonally ; 
and j-^ = - 2a cot ji cot B cot C, where r is the radius of the 
polar circle; hence, from (1), and similar relations for the 
other sides, (2) gives 

f37tan^ + 7atan5 + a^tanC = ^('l- ^\ 

and the envelope, putting r = a, is 

Py tan A^ja tan B + o/3 tan C = 0, (3) 
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which represents a conic inaoribed in the triangle and concen- 
tric with the circumscribing circle, 

63. Given a self -conjugate triangle with regard to an 
ellipse, and that the latus-rectum is eq^ual to the radius of 
the polar circle, show that the major axis touches a conic 
oonfocal with the conic [3) in the preceding example. 

64. A circle S touches the sides of a triangle self-conju- 
gate with regard to a conic V; show that the centre of 8 lies 
on the equilateral hyperbola having double contact with V at 
a pair of points which lie on a tangent to S. 

65. A circle 8 touches the sides of a triauglo self-conju- 
gate with regard to a conic 17= -^+-7^-l'=0; if the tan- 
gents drawn from the centre of iS to C touch at the points 
P, Q, show that the tangents from P, Q to the confocal conic 

^ + |t = ;-, all touch S. 

a* b' «' + b' 

66. If circles touching the sides of triangles self-conjugate 
with regard to the conic F=-5 + — -1=0 have their centres 
on a fixed Hue, show that they have double contact with a 
fixed conic whose foci are the points where the fixed line 
meets U. 

And, conversely, if a circle have double contact with F, 
the chord of contact being perpendicular to the transverse 
axis, show that it is inscribed in triangles self-conjugate with 
regard to the conic 

f (X- - «■) - a',/ + 2/, . 0, 

where/ is an arbitrary constant. 

67. A circle is inscribed in a triangle self-conjugate with 

regard to the conic P= -^+ t^-I = 0, and has its centre on 
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the director circle of U ; show that it touches the conic 



68. If two circles touch the sides oi triangles self-conju- 
gate with regard to a conic U, show that their centres of 
similitude are ooujugate with respect to C. 

69. A circle inscribed in a triangle, self-conjugate with 
regard to a hyperbola, cuts the hyperbola orthogonally at 
a point P ; show that P must be the point of contact of 

i perpendicular to an asymptote. 
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IV.— TRIANGLES FORMED BY TWO TAKGENTS ANB 
THEIU CHORD OE CONTACT. 

70. To find the equation of the oirole circumaoribing the 
triangle formed by tho tangents drawn from the point 'J , y 

to the conie ^ + ^-1 = 0, and their chord oi contact. 

The equation of the circle must be of the form 



Substituting in this equation the co-ordinates of the point 
'/, y', we get n= - {Ix + mp" + 1), and the conditions that (1) 
should represent a circle give 

!■/ mx \ \ IJ I + my' 

Hence the equation (1) beeomoa 
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Also, if jE be the radius of the circle, we have 

hence 2fi = ^^-^^ /(^ + S\ (3) 

where p, p' are the distances of j^, y from the foci. If is 
the angle under which this circle outs the director circle, we 
have 

c^f^ _ ^^ . (^^- + ^2\a' 4 b^ - 2R<,OB0^{a^ ^ ¥]\; 

therefore, from (3), 

[a' + b^)p'^p"^ Qosi'6 - iib^x'^ + fl'j/'^), 

or pV' sin^fl = (^' + If"' - d' - b') j^'= +f'- ^^^} 

Hence, if x', y' lie on the director circle or the inverse of 
the director circle with respect to the circle described on the 
line joining the foci as diameter, the variable circle touches 
the director circle. 

71. Since the equation (3) in the preceding example is 

unaltered, if we substitute -s ;;, -yr- — t; for «', w', respec- 

x' + y' ic' + f/' 
lively, it follows that two points connected by the reciprocal 
relations x^i/^ + i/^x-i = 0, x,x-! - ■i/ii/. - c' - 0, and the points 
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of contact of tangents from them to the curve lie on the same 
circle. If we suppose one of these points to lie on the curve, 
we see that the oirole passing through any point P on the 
quartic 

and the points of contact of the tangents from P, touches the 
curve. 

73. From the ec[uation (2) we can readily find the in- 
variant relation connecting the circle with the curve. If we 
make the equation (2) identical with d!°+ji^-2aa;-2/3!/+F=0, 



W^' _ 



This ia the same equation as that which would he obtained 
by expressing that the roots of the equation (10) in Ex. 1 
are connected by the relation k,^ + hi = h^. 

73. The circle passing through a point P, and the points 
of contact of the tangents from P to a conic, cuts orthogo- 
nally a fixed circle J; show that the locus of P ia a circular 
cubic, and that of the centre of the circle a cubic. 



W'*V*<i')' 


-(s^g 


{^■^f-c'f 


-(s^g 


2 (»■■ + !/") 
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If J passes through the foci, show that P lies on a circle 
paseing through the foci, and the centre of the circle on a 
fixed conic, both oi the loci, in this ease, being divisible by 
the axis major. 

74, The circle passing through a point P and the points 
of contact of the tangents from P to the conic 
it* 



F-- 



-1 = 



has its centre on the director circle of V; show that the 
looua of P is the hicircular quartic 

{x^ + ff - '^^ (3a' - 5=) ~ "if (36= - dF) + (a' - b'-f = 0. 

75. To find the eo-ordinates of the centroid of the tri- 
angle formed by the tangents from «', p' to the conic 

and their chord of contact. 

Let a, /3 he the co-ordinates oi the middle point of the 
chord of contact, then we have 

'3a: = 2a + x, 3;/ = 2/3 h- ?/ ; 
but it can be easily seen that 



hence we have 



y-j!//l 
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If the centroid of the triangle liee on the curve, we find 



for the locus of y, ij , after dividing by the cqaation of the 
curve, 

76, To find the eo-ordiuates of the interseotiou of the 
perpendiculars of the triangle formed by the tangents from 

a;'. «' to the conic ^ + ---1 = and theii' chord of contact. 
" a" o' 

Let a^i,^! be the co-ordinates of the centroid, and «a, pi 

those of the centre of the eircnmsoribing circle, then we 

have, by a known geometrical relation, 

where «, y are the co-ordinates of the point we seek. 

But icj, pi are expre^ed in terms of x', / in Ex. 70 (2), 
and a^i, j/i in Ex. 75 (1) ; hence we obtain 



(1) 



Since from the equations {1) we have icaf + yp' = a^ + fi', 
it follows that these two points are conjugate with respect to 
the director circle. 

We have also —. '/ - c' = i); 

X y 

hence if we are given x, y, we determine x, y' us the inter- 
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section of the polar of x, y with regard to the director circle 
and the equilateral bjperhola which passes through the feet 
of the normals to the curve from x,y {Conks, Art. 181, 
Ex. 1). 

77. Tangents are drawn from a point of the curve 



(<■■- 



'9}^^-^?%^" 



to the conic CT^ - + ^ - 1 = ; 

a' 

show that they form with their cord of contact a triangle 
whose intersection of perpendiculars lies on the director circle 
of U. 

78. To find the equation of the polar circle of the tri- 
angle formed by two tangents to a conio and their chord 
oi contact. 

The co-ordinates of the centre are given at Ex. 76 (1), 
and we find the absolute term by expressuig that x', / is the 
pole of — + ^ — 1 = vrith regard to the circle ; hence we 
find for the equation sought — 

If r is the radius of the circle, we find then 

r = — ^-^ . \ji) 



y Google 
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The equation (1) oan also fee written in the form 



«' + 6' ■ 



(--«')■■ 



-TT ? - /)■ 



+ (»- + !/'-0--S')(^^- 



-lUO, 



which gives the equation of a pair of chords of intersection 
of the cirole and conic. If the oonio is an ellipse, these chords 
never meet the curve in real points. 

79, To find the iuvariant relation connecting a conic and 
the polar circle of the triangle formed hy two tangents to the 
curve and their chord of contact. 

If we make the equation (1) in the preceding example 
identical with 

a? ^f - 2ax - 2i3y + k' = 0, (1) 






(2). 
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We can find this relation also as follows :— If two conies 
can be reduced to the forms ax^ + by^ + es" = 0,^ - ay = 0, 
they must he connected by the invariant relation 00'- A A' = 0, 
or two roots of the equation AA' + QJi' + G'A + A' = mnafc 
be equal with opposite signs. Expressing, then, that two 
roots of the equation at Ex. 1 [10} are connected by the rela- 
tion /(,^ + hi •= 0, we obtain tho relation (2) ; hence if the 
circle (1) cut orthogonally a fixed circle J, the locus of its 
centre is in general a cubic. If J passes through a pair of 
vertices of the curve, the locus reduces to a conic; for putting 





,.■. 


»M 


-j'-2fo"< 


(', or 


A' 


-2/3S + 


we 


get from 


(3), 


after diTidiDg by y, 










a- 


'»■ . U- + F 






■ 2fl«)- 



If the circle J is concentric with the curve, the locus is 
the conic obtained by considering ^ as a constant in the 
equation (2). This conic, it may bo observed, touches the 
tangents of the given curve which are perpendicular to its 

asymptotes, and if ¥ -■ V~lfi — ' '^'^ coincide with the 

given curve. 

80. Tangents from a point P to the conic 

i/.T + C-l-K 
a^ h' 

form with their chord of contact a triangle whose intersection 

of perpendiculars lies on U\ show that P lies on the inverse 

of U with regard to its director circle. 

Show also, in the same case, that the polar circle has 

double contact with the bicircular quartic 

/ , , a'+h' + a?¥^ ..„_,, ,,, „^ 
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81. If the polar circle of the iriangle formed by the 

tangents from x, y to the oonio U ^~ + t^-\, and their 

chord of contact, cut the director circle at an angle 0, show 

that 



83. A point P moTCs along a fixed parallel to an axis 
of the conic; to find the envelope of the polar circle of the 
triangle formed by the tangents to the curve from P and 
their chord of contact. 

Putting ^ = a a constant in the equation, Ex. 78 (1), we 
see that the circle cuts orthogonally the fixed circle 

it- -^ -)/ -— X -b'' = 0, (1) 

and, eliminating y' between the co-ordinatea of the centre, 
we find that the centre lies on the fixed conic 

flV + 6Y + «*-6*-{c^a + ^-i-^'U = 0; (2) 

hence the envelope is a bieircular quartic. 

If we put a = — for the direetrix, the circle (1) and the 
conic (2) have double contact with each other at two points 
on the directrix, and the envelope then breaks up into two 
oiroles. These two circles are imaginary for the ellipse. 

If «' [a^ + b^)-(?a^ = 0, the equation of the circle becomes 
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which is altogether fised ; hence we infer that the tangents 
to the curve from any point of either of the Knes 

»•(«■ + »•) ±"-0 

form with their chord of contact a triangle whose intersection 
of perpendiculars is the fixed point 

^■-±1 •(«■ + s"), </-«■ 

The rectangle under the segments of the perpendiculars is 

also given in this case, being equal to —^. 

The circle (3) has double contact with the curve, and is 
always imaginary. 

The same property holds, of course, also for the lines 

and the equation of the corresponding circle is, then, 

:>■ + !/■ ±2 •(*'-<■') I + »"-0. (4) 

These lines and the corresponding circles are real for a 
hyperbola whose director circle is imaginary. 

It may be observed that the curve is its own reciprocal 
with respect to one of the circles (3) and (4) ; for the polar of 
any point x', / with regard to the circle (3) is 

3x^ -^ yy' ±- '/{c? + ^%x + «') + it^ = 0, 

and this line, subject to the condition 

is a tangent to the curve. Tliis is, of course, also evident 
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from the fact that one tangent, and the point of contact of 
the other, are polar and pole with regard to the circle. 

83. Tangents are drawn from anypoint of xy-ay-fix=Q 
to the equilateral h3^erhoIa a^ ~ y^ - a^ = ; show that they 
form with their chord of contact a triangle whose polar oirele 
cuts a fixed circle orthogonally, and has its centre on the 
equilateral h3^erbola 

■J? -f - 2ax + 2/3y = 0. 

84, Show that the equation of the nine-point circle of the 
triangle formed by the tangents from x', y' to the conic 



and their chord of contact is 

- f^ j/' + (26= - «^) ^ + 36^ + «=j + /^ + y-^ + «U i^ = 0. 

85. To find the locus of the vertex of a triangle formed 
by two tangents to a conic and their chord of contact, if the 
centre of the inscribed circle Kes on the curve. 

If a and |3 are the tangents, and y their chord of contact, 
the equation of the oonic must be capable of being written in 
the form o(3 - h-f = 0. But a = (3 = 7 for the centre of the 
inscribed circle ; hence we get lt = \. Substituting, now, for 
a, /3, 7, X cos a + y sin o — ^, &c., we must have o/3 - 7' iden- 
tical with — + ^-1 = 0; hence, equating the coef&cient of 

xy to zero, we see that the base and one of the bisectors of 
the vertical angle must make equal angles with the asis. 
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triancvj.es formed by two tangents 



But — ^ + ■ ^ , -1 = 0, being the tangent to a oonfocal 
conic througli a/, y', is a biseotor of the vertical angle, and 
this line and — j- + — - 1 = must he equally inclined to 
the axis ; thus we have 



or the locus is the confoeal conic 

Since the equation «j3 7^ = is satisfied hy a = /3 = - 7, 
we see that the centre of the circle exscrihed to the hase is 
also, in this case, situated on the curve. 

The equation — — c' - represents the equila- 
teral hyperbola which passes through the feet of the normals 
from of, 1/ to the curve, and if the polar -^+-^-1=0 of 
x, y cut this hyperbola orthogonally at x, y, we must have 
x'^y- ~ y'-'-c" = 0. 

Taking the factor x'y + y'x = 0, we find that x', y must 
satisfy the equation 



which coincides with the conic (1) ; hence we see that, in the 
above case, the base is normal to the equilateral hyperbola 
which passes through the feet of the normals to the curve 
from the vertex of the triangle. 

86. In the preceding example show that the product of 
the diameters of the curve parallel to the tangents is equal 
to the sqiiaro of the diameter parallel to the choid oi contact. 
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87. From a point x', y' tangents are drawn to a conic, 

to find the co-ordinates of the focus of the parabola having 

double contact with the curve at their points of eonta^t. 

it' v'' 
Let — + is - 1 = be the equation of tbe conic ; then 

{w'\ + y'^L + vf -h k {a'y + by -v') = 

is the tangential equation of a conic having double contact 
with tbe curve at the points of contact of the tangents from 
of, y'; but for a parabola the coefficient of [/ must vanish, 
whence h = \, and 

{a;'^ + a=) V + [y-^ + 6=) ^- + ^x'y'Xfi + 2«VA + 2yVv = 

represents tbe required parabola ; hence, to determine the 
foci, we have {Conks, Art. 279, Ex.) 

2yV ~ 2/^ ■+ af''' - i/' + (!^ = 0, x'y + y'x - x ij = ; 
therefore %x = x' ^^^ \f V'\ 'iy=]i ^^'^ \f ~f\ 

From these expressions it follows that if the vertex of 
the triangle be flsed, and the conies belong to a eonfoeal 
system, tbe foci of the parabolee will remain fixed. 

If x, y' lies on a line through the centre of a concentric 
circle, x, y lies on a eonfoeal conic. 

Given x, y, we determine of , y' as follows :~-Let a eonfo- 
eal hyperbola be described through x, y, then the tangent to 
the hyperbola at x, y intersects its asymptotes in tbe cor- 
responding positions of x', y. 

88. TVom a point of, y' tangents are drawn to a conic ; 
prove that the centre of tbe equilateral hyperbola, having 
double contact with tbe curve at their points of contact, is 
the inverse point of x y' witli regard to liio director oirde. 
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v.— CIECLE8 HAVING DOUBLE CONTACT "WITH THE 
CURVE. 

89, There are two systems of circles having double con- 
tact with a conic, the chorda of contact of each system being 
parallel to one of the axes of the curYe. 

I^-; + ii-l = Ois the equation of the curve, and a:-af=0 
that of a chord of contact, the equation of the corresponding 
circle is 

x' + f- 3cVlp + e'w" - 6^ = ; (1) 

and if y - y' = is the chord of contact, the ( 
circle is 



If a is the abscissa of the centre of the circle (1), and r its 
radius, we find 

and if /3 is the ordinate of the centre of (2), and r' its radius, 
5 - f - 1. (4) 

We may coayeniently satisfy the equation (3) by assuming 



From the equation (4) we see that the radius of a circle 
of the system (2) is in a constant ratio to the distance of its 
centre from either of the foci. 
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90, To find the differential equation in elliptic co-ordi- 
nates of the system of oircies having double contact with a 

If we write the equation of the circle (1) in the preceding 
example in the f onn 

!f + y' - 2cx cos B + c^coa'e- 6' sin' 9 = 0, 
and transform this ec[iiation to elliptic co-ordinates by assuming 

X + y = ft + V - (f, ex = fiv, 
we get fi + v^ - '^liv cos B - a^ sin^ = 0, 

■which is equivalent to the relation 

COS"' - ± eos"^ - - B; (1) 

hence, by diiferentiation, we obtain 

From this equation we see at once that the two circles of 
the same system which pass through a point are equally 
inclined to the confocals through the point. 

lu a similar manner we find that 

___„ M^ , y^^ _^0 H\ 

is the differential equation of the second system of circles. 

91, To find the angle between two circles of the same 
system which pass through a point. 

If vi, i\ are the radii of the cirolea, and d the distance 
between their centres, we have 

tan- i = 7 ~:x — 7,, 

{'\ + r,Y - d- 
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62 CIRCLES HAVING JIOURI.E CONTACT WITH THE CURVE, 
where ^ is the angle sought. But 

J-, = b sin Si, r-! = h sin 0n, d = c {eos fli - eos Oi) ; 
and from (1) in the preceding example we have 

;. = « eos 1 (0, - 0,), v = a<iOs\ {0^ + 0,) ; (1) 

hence tan^ = Jjg-^-g^H. (2) 

We could find this expression at once from the differential 
equation ; for when two curves are represented by the diffe- 
rential equations Pdp. + Qdv = 0, the angle $ between them 
is given by 

whence from Ex. 90 (2) we have the result already obtained. 
From (2) we get 

b^x^ + [ff* -i- (?) y' - b^c^ 

"•*^ — -1?^^ — ■ 

^ b pp 

where p, p' are the distances of x, y from the foci ; hence, 
being given the angle between two eirelos of the system, the 
loous of their interaoction is a curve of the fourth order of 
which the foci are nodes. If the angle is right, the locus is a 
concentric conic passing through the foci. 

In a similar manner for the other system of circles we find 

ti-yijif-") 
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CIRCLES HAVING DOUBLE CONTACT WITH THE CUEVE. 6tf 



n ^ = 26 — ii ?— 



where a is the angle hetween the tangents to the curve from 
X, y [Conks, Art. 169, Ex. 3, and Art. 286, Ex. 12). 

From these values it readily follows that the circles 
described through any point P on a directrix, to have 
donble contact with a conic, are at right angles to the tan- 
gents from P. 

93. If \p is the angle which an external common t 
of two circles of the system makes with the axis, we havt 

. , r, - n b (sin 0, ~ sin 0.) b ^^.^ .. 
sm ^ = ~-T- = - - - a ■ TT = - - cot i (e, + e,) 



from Es. 91 (1) ; 
hence, supposing the given curve to be an ellipse, the exter- 
nal common tangents are parallel to fixed lines when the 
intersection of the circle Hes on a confocal hyperbola. 

93. If n circles having double contact with a oonic form 
with a single point of intersection of each a polygon, n - 1 
of whose vertices move along confocal conica, the »'* vertex 
will also move along a confocal couic. 

If 6i, fli . . . 0„ are the parameters of the n circles, we 
see from Ex, 91 (1) that we must have 

0, - 0s = a constant, d^ - 0^ = a, constant, &c., 

whence B„ - 6i is given, which proves the theorem. For a 
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triangle the semiaxes fx,, fi-i, fii of the three eonfocal eonioB 
are connected hy the relation 

a? -a [fx^ + 111 + lii) + ^mfi-ifjii = 0. 

94. If d is the distance hetween the centres of two circles 
of the same system, we have 

d = c (cos ffi - cos e,) = - 2«^ sin i [6, - d,) sin i (6, + 9,) 

2bc I 



rj(^ 



tan I A tan \ 



From this expression we see that the theorem in the last 
example is also true if we substitute for eonfocal conies 
" concentric, similar, and similarly situated conios." 

95. If A,B are the base angles of the triangle formed by 
the centres of two circles of the system at Ex. 89 (1), and a 
point of intersection, we have, 

- n - d }) ,>. + a y{a' - fj') 
-r, + d h^L-c^id'",!^) 

from Ex. 91 (1), 

hence we see that either the product or ratio of the tangents 
of half the angles A and B is given, when the intersection of 
the circles lies on a eonfocal conie. 

This property ia, of course, also true for the system of 
circles which touch the curve externally (Ex. 89 (2) ) ; and 
since these circles become tangents, when the cxirve degene- 
rates into a parabola, we see that, if tangents to a parabola 
intersect on a coufoeal parabola, the product or ratio of the 
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tangents of the halves of the angles which they make with the 
axis of the curve is constant. 

96. Given the difference of the angles A and B in the 
preceding example, show that the locus of the intersection 
of the circles is an equilateral hyperbola passing through the 
foci. 

97. If ai, x' are the abscissae of the centres of similitude 
of two circles of the system at Ex. 89 [2), we have 

r,Xi + r^x, cos ^ (9, - d-i) 



cos J {fli - »0 ' 

therefore xx = c', or the centres of sinuHtude are harmoni- 
cally conjugate with the foci. 

Foi'theseeondsystemof circles we find, similarly, yy'=~<?, 
from which we see that the centres of similitude of two circles 
of this system subtend right angles at tlie foci. 

98. If 0, 0' are the angles which the tangents from the 
fooi to a circle of the system at Ex. 89 (1) make with the 



r ft sin fl 

sin ^' = - cot I 9 ; 



hence, if e- < \, one or other of the tangents 
imaginary. 
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99. If we seek the interseotion of the drele 

with an asymptote of the curve, by putting 

^ = P c' ^ " ^ '~^ ' 

we get p' + 2c ^^"^ p- a^ ~ '>" = ; 

and if pi, pi are the roots of this eijuation, we have p|-p2 = 2ffl; 
henoe a circle having external double contact with a hyper- 
bola cuts off from the asymptotes constant intercepts equal to 
the major axis of the curve. 

190. The polar of x,, i/, with regard to the circle 



being xx, + ;/y, + ^^ / {y + y,) - "' - j-^ /' = 0, 
its envelope, when the circle varies, is the parabola 

(y-^.r + 4^(f*f-i)=o. (1) 

Putting ?/i - 0, Xi = c for a focus, (1) becomes 

and the parabola then baa its focus and directrix in common 
with the curve ; hence we see that the feet of the perpen- 
diculars from a focus on its polars, with regard to circles 
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having external double contact with the curve, lie on the 
eorrraponding directrix. 

101. Taking two circles of the system at Ex. 89 (1), 



we have for their intersection 

x^ ■¥ 'f = lf ^ e^XiXi, 2x = X, + Xi; 
therefore j;' -i- (ar ± c)' - {a ± ex,){a ± exi) ; 

hence we see that the square of the distance from a focus of 
a point of intersection of two circles having internal double 
contact with the curve is equal to the product of the distances 
from the same focus of their points of contact. 

102. If two circles of the same system have double eon- 
tact with a conic, show that the product of their radii is in a 
constant ratio to the product of the distances of a point of 
their intersection from the foci. 

103. If two circles of the system at Ex. 89 (1) intersect in 
the points x', ± /, the equation of the circle passing through 
their points of contact is evidently 

S^x^ + p' - 2e^x'ie + x'^ + y"" - W- = 0. 

If iS is fixed, and the conies form a confocal system, the 
locus of a?", ± «/ is a circle cutting S orthogonally. 

If the points x\ ± y are fixed, and the conica form a 
confocal system, 8 has double contact with the Cartesian oval 

{x" + y^ + /' + y' + 2(!°f - 16 &XX = 0. 

If the radiiis is given equal to r, the locus of x', ± y' is 
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If the tangents to S from x', ± y' contain a given angle, 
the polars of x, ± y\ with regard to the curve, are touched 
by a confoeal conic. 

104. Tangents parallel to the line y - »i« = are drawn 
to the system of circles at Ex. 89 (1) ; show that their points 
of contact lie on 

6=a;^ + {& + jw'ff') if + %mh'^xy - Ift? = 0. 
Show that this conic passes through the foci and has double 
contact with the ourve. 

105. If S^ x'' + y"- 2ax - 2/3y + ^' = represents a fixed 
circle, the radical axis of S and a circle of the system at Ex. 
89 (1) is 

2ax + 2fiy -k'- 2e'x'x + e^x' - 6'' = ; 
and this line is a tangent to 

eV - 2ax - 2/3y + -t' + 5^ = 0, (1) 

which represents one of the parabolas passing through the 
points of intersection of S and the curve. For the second 
system of circles the radical axes touch the other parabola, 
which may be described through the same points. 

When the circle S is touched by a circle of the system, 
the radical axis ia the tangent at the point of contact ; hence 
to oonstruot tho points where S is touched by four circles of 
the system, we draw the common tangents of 8 and the para- 
bola (1), and then the points of contact of these tangents are 
the points req^uired. 

106. A circle S meets a conic in the points A,B, C,D. 
Four circles having iatemal double contact with the curve 
are described to touch S, and also four circles having external 
double contact ; show that the chords of contact of the first 



y Google 



CIRCLES HAVING DOUBLE COXTACT WITH THE CUItVE. 61; 

system intersect those of the seoond in the centres of the 
sixteen circles which may he described to touch the sides 
of the triangles ABC, BOD, &c. (see Ex. 11). 

107. To find the locus of the centres of similitude of 
a fixed circle and circles having double contact witli a conic. 

The p and lo equation of a circle, whose centre is /, and 
radins r, is evidently 

,.,• + / COS.. (1) 

But for the system of circles at Ex. 89 (3) we may tate 

x - c cos 9, r = b sin 6 ; 
also, if a, (3 are the perpendiculars from the foci on the line 
p, ID, we have 

p.i{.+ ffl, rcos,„.lC.~ffl; 
hence (1) becomes 

atani9 + j3coti9-26 = 0, (2) 

the envelope of which is oj3 - i' = 0, as it ought to bo. 

If we now write the tangential equation of the fixed 
circle in the form S' = 7' - ^'^ = 0, the equation 

> tan I e + ^ cot ^ e + y 7 = {^) 

will represent one of the centres of similitude of S' and the 
circle (2). The envelope of (3) with regard to H will then 
give the locus required, viz., 

«P-|r'-o. O' ,|i-t^^J.{^' -!<').(>, (4) 

which represents a conic passing tlirough the foci and touch- 
ing the common tangents of 2' and the given curve. 
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If the equation of S in Carteeian co-ordinates is 
(^ - ^y + (y - yy - A^ = 0, 
the locus is found to be 

-, / + -i {xy -^ y'xf -{y- yj = 0. 
We 8G0 thou that the locus will become a cirde if 

,-.0, ^-^-1, 
iu which ease S has double contact with the confocal eouio 

b^ 2b' - a' 

The locus (4) evidently passes through the four points on 
S, where it is touched by eii'cles of the system (2) . 

108. If WG take two circles of the system (2) in the pre- 
ceding example, namely, 

atanifli + ZS cot i 0,-26 = 0, utan-^ 6, + ^cot ^fl,-2i= 0, 

we find that their common tangents satisfy the equations 

hence, from Ex. 91 (1), we see that, if the common tangents 
are parallel to a given line, or touch a concentric, similar and 
similaxly situated conic, the intersection of the circles will lie 
on a fixed confocal conic. 

109, Through a point P, external to a conic, two real 
circles are described to have double contact with the curve ; 
if «' is half the axis major of the confocal conic touching the 
common tangents of the circles, and f is the angle between 
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iS from P to the curve, ahow that sin -i- $ = — , where 

a is half the axis major of the onrve. 

110. A right line touches two circles having double con- 
tact with a conic; to show that its points of contact with them 
lie on the same concentric, similar and similarly situated 
conic. 

Let x<iosii>+i/sm(j>- p = 0, {x- cosOy + i/^-b''siii'6 = 0, 
he the equations of the line and one of the circles, respec- 
tively ; and let a;, i/ he the co-ordinates of their point of con- 
tact ; then 

a: = e cos fl + ^ sin ft cos ui, y = S sin Q sin w, (1) 

p = 68inft + ccos$cos<„; (2) 

hence 

_ + |- = -{c''co9^0+(i'sin'0+26csin6coB6co9a)-c'sin'Ocos-ujl 



equal to, from (3), ^ = — , 

where a' is half the asia major of the oonfocal conic touching 
the line. The conic 

therefore, passes through the points where the line is touched 
hy hoth the circles. 

We can arrive at this result by means of the differential 
equation of the system of circles. ITrom Es. 90 (2) we have 
for the circles 
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Now, it ia not difficult to see that 

^f , ^^ ^ ,) /fi\ 

is the differential equation of all the lines touching tlie con- 
focal conic -;; + ■ ;, ■■■ -; -1 = 0, But when one of the lines 
a ' a ~ g' 

touches one of the circles, -;- must have the same value at the 

civ 
point of contact ; hence, from (4) and (5} we have 

{'■-/'•) _ c' - "•) . „. 

or, dividing hy // - v', 

which is equivalent to the relation (3). 

Putting a' = c in (3), we see that the points of contact of 
the tangents from the foci to the system of circles lie on the 



111. To find the distance 8 between the centres of two 
circles of the system which touch a given chord of the curve. 
Let the equation of the chord be 

^oos3(. + ffl + |.ml(a + P)-cosl(.-P).0, 

and that of the circle 

(a: - e cos 6)' + y"- 6" sin' 9-0; 
tlien, expressing that the chord touches the circle, we get 
|oosJ(a-P)-ecos9cosl(n + |3)i'-sin'eil-ii'cos"|(« + |3)i.O, 
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or cos' 9-2e cos |((, + 0) cos ^ (a - )3) cos 9 

+ cos' -^ (a - /3) - ( 1 - e' cos' ^ (a + /3) I = ; 
whence we have 

cos 0, - eos9, = 2 sm^(a -/3) ytl - ^' cos'-' (a + /3)| 
= - i' sin ^(a ~ ^); 
but if d ia the lengih of the chord, 

d = 2b' sin i {a -fi); 
therefore 8 = e (cob tfi - cos &;) = cd. 

If the curve is a hyperbola, the two circles having oxtor- 
nal contact with the curve will also be real, and for them we 
shall have 



112. Tangents are drawn from the fooi to circles having 
external double contact with a hyperbola; show that their 
points of contact lie on the asymptotes. 

113. Through the centre of a circle having double ooutaot 
with a conic tangents are drawn to a confocal conic ; to show 
that they meet the circle on two chords of intersection of the 
conies. 

Expressing that the cnives repr^ented by the differential 
equations (4) and (5} in Ex. 110 cut at right angles, we 
obtain 

li' - e' e' - v' 

or, dividing by ^' - v', 

(^> - c'lir - v') + l/i- . 0, 



y Google 



74 CIRCLES HAVING DOUBLE CONTACT "WITH THE CUKVE. 
which, transformed to Cartesian co-ordinates, becomes 
c'f + b^f/^ = 0; 

but this represents the two chords of the conies which are 
parallel to the transverse axis. 

114, Through the centre of a circle having external double 
contact with a conio lines are drawn to the foci ; show that 
they meet the circle on the tangents to the curve at the 
extremities of the transverse axis. 

115, Tangents are drawn from a focus to a circle having 
external double contact with a hyperbola ; show that they 
contain an angle equal to that between the asymptotes of the 

116, To find the condition that four circles of the system 
should be all touched by the same oirele. 

If we express that the circle 

[a - c cos 9)' + y^ ~ W sin^ 6 = 
touches the circle 

("^ -«)• + (!/- (3)" -'■■-0, 
WG obtain [a- c, eos 0)' + j3^ - (r _t i sin Qf = 0, (1) 

Now if we put 

c cos = «, h -y - 1 sinB = y, 
this relation may be replaced by the equations 

(«-«)' + b-,V^)- + /3'.0; (3) 

and thus we see that we have to find the condition that four 
points on the conic (2) should lie on the circle (3) ; but this 
is known to be 

y^ + e, + «j + 0, = 0, or 2;/i7r. (4) 
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When this condition is satisfied, a confocal oonie passing 
tfiTougli the intersection of one pair of the circles will also 
pass through the intersection oi the remaining pair (see Es. 
91(1)). 

li four cirdea having douhle contact with a parabola are 
all touched by the same circle, we find that the algebraic sum 
of their radii is equal to zero. 

117, Xiet us suppose three of the circles in the preceding 
example to coincide, then we see from (4) that, if the oscu- 
lating circles at the points ± ft ou the curve are touched by a 
circle of the eystein whose parameter is 6', we must have 



■39 + e'= 0, or 27r ; 

hence three pairs of oseulatiug circles can he described to 
touch a given circle of the system; and if circles of the 
system be described at the points of contact of these oscu- 
lating circles, their intersection will he on the eonfocal conic 



,= _ 4^^ 



(see Ex. 93). 



We can also show that— (1) the confocal conic j 
through the points of contact of one of the three latter 
circles wiU also pass through the intersection of the re- 
maioing pair; (2) the algebraic sum of the radii of these 
circles vanishes; (3) the centroid of their centres coincides 
with the centre of the curve. 

118. To find the equations of the circles which touch 
three given circles of the system. 

From Ex. 116 (2) and (3), we see that the problem is the 
same as that of finding the equation of the circle passing 
through three points on the conic -; - i.j = 1 ; hence from 
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Ex. 1 (7), (8), and (9), if the elation of the circle sought is 

x' + y-'-^Ax-^By^C^ 0, 
we obtain 

A = - COS |(«i + e,)cOSi (3, + 63)003 i(fl:^ + fii), 

£ = + ~ v^j<;= - a' coe'i(0i + 0,)} {"' - «' cos" I {6, + 8,)] 
X (c'-a'eos^^(0, + 0.)|, 

c = |a^(co8(e, + e,)+ cos(e, + ej + cosfe. + e,}l- M«' -26') ; 

and, if Ji ia the radius of this oirclo, 

S = ^ sin i (0, + d,) sin i (9, + £»,) sin I [H, + 0,). 

The equations of the three other pairs of circles will 
evidently be obtained by changing the sign of one of tho 
angles 9„ K 0,. 

119. To find the angle between a tangent to a eonie and 
a circle having external double contact with the curve. 

Let the equation of the tangent be 

X COS u) -I- ;/ sin (u = ^ = a/ (a* cos^ lo + 6' sin' mi), 
and that of the circle 



Then, expressing that the perpendicular from the centre of 
the circle on the tangent is equal to r cos 9, wo got 

foo&&=^emw-p, (1) 

where is the angle sought. But, putting 
p = a aiaa, (i - r, cot ifi, 
we find c sin oi = n cos n, r ^ — — ; 
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lience (1) gives at once 

fl = a + ^. (2) 

Taking two circles and the eame tangent we have 

ft - 0= = ^, - ^. ; 

lience we see that the tangents to a conic meet two fixed 
circles, having external double contact with the curve at 
angles whose sum or difference is constant and equal to the 
angle subtended at one of the foci by the centres of the 
circles. 

Taking two tangents and the same circle, we have 



hence we see that a variable circle having double contact 
with a conic meets two fixed tangents to the curve at angles 
whose sum or difference is constant. This constant, it is easy 
to see, is equal to half the difference of the angles subtended 
by the foci at the points of contact of the tangents. 

120. To express the angle 9 in the preceding example in 
terms of the co-ordiuates w, y of the intersection of the tan- 
gent and circle. 

This may be most readily effected by means of the 
differential equations of the circle and tangent in elliptic 
co-ordinates. These equations are 

^'^^ + "'^^ = (\\ 



respectively (see Ex. 90 (3)). 



, -0, (2) 
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But when two curves are represented by the differential 
equations in elliptio co-ordinates, 

PdijL + qdv = 0, P'rfft + Q'dv = 0, 

the angle i) between them is given by 



tan ff - 



(FtX^PQ)^ |(y- -»■)(.■-„•)! , 



hence, from (1) and (2) we have 



id, theroforo, cos 6 = —r- — ;■ 

« iA. ± v) 



Transforming this expression to Cartesian co-ordinates, we get 



■where p, p are the distances of x, y from the foci ; 0, there- 
fore, is equal to half the angle which the points of contact of 
the tangents from x, y subtend at one of the foci (Salmon's 
Conies, Knt. 121). 

121. Two circles are described through a point x, y to 
have external double contact with a conic ; to find the angle 
subtended by their centres at a focus. 

A circle having double contact with the curve being 
written in the form 
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we have, for the two circles of the system which pass 
through X, y, 

but, if ^ is the angle sought, we have 

tan A = — — = — — — , 

^ c' + ^, ^; a^ +W-X' - /' 

from which we see that i^ is equal to the angle between the 
tangents drawn to the curve from x, y (Salmon's Conies, Art. 
169, Ex. 3). 

This result might also be readily deduced from the 
relation (2) Ex. 119. 

122. Two circles having external double contact with a 
conic are described to touch a tangent to a confocal conic ; 
to show that the angle subtended by their centres at a focus 
is constant. 

Expressing that the circle 

'■ + (»-ffl--.''-0 
has double contact with the conic 

or b- 
and touches the line 

a: eos (0 + y sin <u - ^ = 0, 



Eliminating r between these equations, we have 

/3' {a" ~ i? sin^ lo] + 'l^p sin <ii/3 + <? {a^ ~ P^} = ; 
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80 CIRCLES HAVING DOUBLE CONTACT WITH THE CURVE, 
hence, if j5i, ji^ are the roots of this equation, we find 

'~^' «^ - c' Bin' ii> ' ^ ' 

I3,P.- f'°'.'.? . (2) 



But if ^ is the angle sought, 



tan ip = - 



from (1) and (2), 



where «' is half the asis major of the confocal eouic touching 

the line. The relation (0) may be written in the simpler form 

a 
OOB s iji = —,. 

Afi a particular case we have : — The circles drawn through 
the foci to touch a variable tangent to a conic cut each other 
under a constant angle. 

123, A circle having internal double contact with the conic 

a' b' 
cuts orthogonally a circle having internal double contact with 
the confocal conic 

a a - c 
show that the locus of their intersection is 
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If both the circles have external double ooatact, show that 
the locus is 



124. To find the envelope of the tangents to the circles 
having double coutact with a conic at the points where these 
circles are intersected by a fixed tangent to the curve. 

Let the equation of one of the circles be 

S .«> + ?■- 2Pi, ^ «■ - J (J- . 0, (1) 

and that of the fixed tangent 

^ cos 1^ -I- ^ sin ./) - 1 = 0, (2) 

then we may write jS" = in the form 

but from (2) we have 

— + — - 1 = ( - sin $ - T cos ^ ; 



therefore 



hence, if ii(, y' is one of the points of interseotiou of (1) and 
(2), we find from (2) and (3) 



/ 



cos $ ± [ ? 4 -'^ sin ^ 1 , sin + — cos ^ 
1 ± e cos <(i ' '' 1 + cos ^ 
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82 CIRCLES HAVING DOUBLE CONTACT "WITH THE CURVE. 
The tangent to 8 at s', y is, then, 



'](1 + e cos0)= 0, 



which, when /3 varies, touches one or other of two parabolai 
125. Let 

a^ix-af^f- r' = 

be a circle having double contact with the conic 

a b' 
and S'^x'^iy- ^)= - >'= = 

a circle having double contact with the confoeal conic 

a- 0' 
then from (3) and (4), Es. 89, we have 



therefore -r, - t: = — s — = — — — a 



where <p is the angle at which S and 8' intersect. 

Hence, when ^ is given, the ratio of r to / h 
other of two constant values. 

Putting r =' nr we get from (1) and (2) 

4'a' + »-»-p-.c' (*■-«■«'=). 
Now if the line 
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is a normal to the conic 

-- + -^ = 1 

we have l^a- + ra'/3' = (P - nff. 

We see thas that, when 8 and S' cut each other under a 
constant angle, the line joining their centres is normal to 

p' n'a - n'a' 
which represents one of two conies confocal with the given 
ones. 

If X, y are the co-ordinates of a centre of similitude of S 
and S', we find, in the same ease, 

f/'x' ^a'f = ti'^-——-', 

which represents one of four concentric conies. 

126. If the circles S and iS' in the preceding example 
tonoh one another, show that their point of contact Kes on 
the conic 

i + C - 1 - 0. 

a ' 
If S and 8' out orthogonally, show that they intersect on 

127. To find the orthogonal trajectory of the system of 
circles having double contact with a conic. 

We have seen in Ex. 90 that the difEercntial equation of 
the system having external contact with the curve is 

^'^f , J"^''_____ = 
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The differential equation of the trajectory is, therefore, 

Taking the lower sign and integrating, we ohtaiu 

-«log(y{M^-«=)+v/(M^-«^)Hy^K-v') 

+ ■/[(:' ~v')\ =3. constant. 

If, then, the eccentricity of the curve ia ec[ual to the ratio of 
two integers, the trajectory will be algebraic. For the 
system of circles which have internal contact witb the curve 
the trajectory is trauBcendental when the curve is an ellipse, 
and algebraic when the curve is a hyperbola whose eccentri- 

citv is equal to — ,— ; z, i where m and w are integers. 

128. A variable circle has double contact with a conic; 
show that the tangents drawn through one of the points of 
contact to a fixed confoeal conic intercept on the circle seg- 
ments of given length. 

129. Two circles of different systems have double contact 
with a conic ; to show that the intersection of their chords of 
contact is a limiting point of the circles. 

Taking the equations (1) and (3) in Ex. 89, we may 
write 

S^x' + y'' - 2e'x'x + e'/^ - b\ 



hence a'S-¥S'^ [a' - V) \{x - xj + (y - iff] 

which proves the result stated. 
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130. Four circles having double contact with a couie are 
described to cut a circle J orthogonally ; show that thoiv 
chords of contact form a rectangle inscribed in J so that 
each pair of opposite vertices are eoiijiigate with respect 
to the curve. 

131. Show that the second Kmiting point of the eiroles S 
and 8' in Ex. 129 is the foot of the perpendicular from the 
point x' , y' on its polar with regard to the curve. 

Ili3. To find the length of a common tangent of two 
circles having double contact with a hyperbola, the circles 
belonging to different systems. 
If the circles 

(» - „)• + J- - ,' -0, »• + (!/ ^ lif - ,■" . 0, 
have double contact with the conic 

*% ^ , 1 . 0, 
we have from (3) and (4), Ex. 89, 

a c e 

where d is the distance between the centres of the circles ; 

hence d- = irr"' + -j-^^ r\ (1) 

But, if t is the length of the common tangent, 

f- = ,r - (r ± rj 

= If - 1) r" + --^ T 2r/ from (1) ; 



-1 

i = yie- - 1) 



Vi^' - 1)' 
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the two signs corresponding to the internal and externa! 
common tangents ; hence, if one circle remains fixed, while 
the other varies, the sum or difference of their external and 
internal common tangents wUl remain constant. 

133. Let iS be a variahle circle having double contact 
with a hyperbola, and S„ Sj two fixed circles of a different 
system having double contact with the curve ; then, if t, is a 
common tangent of S and Si, and t-. of 8 and 8„ show that 
;, - (j = a constant, 

134. A circle 8 whose centre is P touches the sides of a 
triangle inscribed in a hyperbola. If circles 8„ 8, be de- 
scribed to have double contact with the curve, so that their 
chords of contact intersect in P, show that the radius of 8 is 
in a constant ratio to a common tangent of Si and iSs (see 
Ex. 10, (3)). 

135. A conic has double contact with two fixed circles ; 
to find the locus of the foci. 

If the circles belong to different syetems, we see from Ex. 
133, (1), that the eccentricity of the curve has one or other of 
two constant values. Hence, it readily follows, that the foci 
lie on one or other of two circles concentric with the circle 
whioh has external contact with the curve. 

If both the circles have external contact with the curve, 
we see from Ex. 89, (4), that the distances of a focus from the 
centres of the circles are to one another as the radii of the 
circles. The foci, therefore, in this case, he on a circle pass- 
ing through the intersection of the given circles. 

The complete locus, then, consists of five circles, besides 
the line joining the centres of the given circles. 

136. If two circles are connected by the relation 

r/' = 2fr -I r"]. 
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show that an infinite number oi equilateral hyperbolae can 
bo described to have double contact with them. 

137. A hyperbola has double eoataet with two fixed 
circles ; to find the envelope of the asymptotes. Suppose 
the circles to belong to difEerent systems, then if A, B are 
their centres, and C is the centre of the curve, ACS is a 
right angle, and because the eccentricity is given (see Es. 
182, (1)) the asymptotes are inclined to CA and CB at 
constant angles. The asymptotes, therefore, pass through 
fixed points on the circle described on AB as diameter. 

If the circles belong to the same system, an asymptote 
cuts off equal intercepts on the oiroles (see Ex. 99). The 
envelope then is easily proved to be a parabola of which 
the middle point of the centres of the circles is the focus. 

138. A conic has double contact with two fixed circles, 
the oirclcB belonging to different systems; to find the en- 
velope of the directrices. 

The eqtiation 

«' + / - 2a« + k^ - e' [x OOB^ + D sin Oy = 0, (1) 

where 9 is variable, evidently represents a system of conies 
having double contact with the fixed circles 

x' + f- 2ax + F = 0, (1 - €%x' + f) -2ax + /i' = Q; 
and since the chorda of contact, namely, 

X msH + y sin fl = 0, ^ sin f* - y cos 6-0, 
are at right angles to each other, the circles are of different 



Writing the equation (1) in the form 

■r + 1/' - 2ax -I- A' + e'^^ - 'iu^p [x cos 
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88 ciaoLES HAVING double contact with the curve, 
we see that a^ cos 9 4 y Bin - ^ = 

will represent a directrix of the curve when the left-hand 
member of this equation represents the square of the distance 
from a focus. This condition gives 

e' (1 - e=)y - 2e' ap cos + k' - «^ = 0, 
showing that the directrix touches a conic of which the origin 
is a focus, 

139. To find the envelope of the director circles of the 
system of conies in the preceding example. 

The conic being written in the form (1) in the preceding 
example, the equation of the director circle is 

(1 - e'){x' + y^) - iax (1 - e' sin' 9) - 2e'ap Bin 9 cos 9 

_i. x-' (2 - s^) - n= = [Conies, Art. 294). 
The envelope is, therefore, 

j(l-e')(=«-+s-)-(2-«')«+i" (2- «■)-»■!'-«'»■(«'■ + »')- 0, 
which represents a Cartesian oval of which the origin is a 
focus. 

140, A conic has double contact with two circles, the 
circles belonging to the same system ; to find the envelope of 
the director circle. 

If a, (3 are the perpendiculars from the centres of the 
circles on a line, the equation 

«' (i~- 2«^cose ■ .n n n^ 

"3 + ', + —^ — , sin' = (1) 

evidently represents tangentially a conic having double con- 
tact with the circles 

u'->'-0, ft' --/'---(}. 
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Now if the co-ordinatos of tlie centres of the circles are 
± c, 0, WG liavo 

and (1) becomes 

— ;5 — + —7^ —' sin tf (A + ^ } = ; 

hence [Oonics, Art. 294) the equatioo of the director circle is 
fj.'i + /« _ 2rr' cos 0){a^ + y^) - 2c (r'' - »•') « 

+ c= (r' + (■'= - 3)r' cos 0) - 2j-V'^ sin^ = ; 
the envelope is, therefore, 

(^■ + !,-~«-)'-2/'|j- + (»+»)'|-2'-" !<'■' + («-«)■! +'!'■■ '■'"-0. 
which represents a Cartesian oval, of which the origin is the 
triple focus, and, it can he shown, the centres of similitude of 
the circles are single foci. 

141. A conic has double contact with two fixed circles; 
to find the locus of the points through which two curves 
of the system cut orthogonally. 

If the circles belong to different systems, we write the 
equation of the conic in the form (1), Ex. 138. Expressing, 
then, that the two conies corresponding to the parameters 
9i, B3 cut orthogonally, we get 

e'8 cos (fi - e,) + (x-af -^f-e ^8[{x - o)(oos 6, + cos 0,j 

-i-2/(sinffi + 8intl0} = *). 

where S = 3? -v 1/ - 2ax + H"-. 

15 i ^a /», 2S , n . 2xy/'8 

But cos (Si - Oj) - -r— T, -e-, cos 01 + cos y, = -rV^^ — -. 
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We find thus, finally, 

{a^ + f-2ax + k'}{{l-<f){^+r)-2a!>:+k'] + {wx-k'f + a'f^0, 

which represents a bieircular quartie, of which the centres of 
the fixed circles are double fooi. 

If the circles belong to different syatems, the locus is 
easily proved to be the cirole described on the line joining 
the centres of simihtude of the circles as diameter. 

142. GKven three circles with their centres on a line, 
there is, in general, a single conic having double contact 
with them, 

Since the tangent from any point on the conic to one 
of the circles is in a constant ratio to the perpendicular 
on the chord of contact, it can easily be seen that 

I ys, + m yS, + n yS, = 0, (1) 

where Si, S-„ & are the squares of the tangents to the circles, 
and I, m, n the distances between their centres, represente 
the conic. This equation (1) when cleared of radicals is of 
the second degree, the terms of higher orders vanishing 
identically. 

In a similar manner, if 2i, 2s, Ss are the squares of the 
intercepts of a line on the circles, we can show that 

(■/I, + m yt, + n v^, = 

is the tangential equation of the conic. 

If the line joining the centres of the circles is the major 
axis of the conic, we can easily show that the eccentricity (c) 
is given by the equation 



I- 



yGoosle 



CIRCLES HAVING DOUBLE CONTACT "WITH THE CURYE. 91 

where j-i, rj, r^ are the radii of the circles. If the same line 
is the minor axis of the curve, we find 
, Imn 

e' = =-f— —J — — ;,. 

iri + mvi + «»-s 
It is to be observed that in the above I, m, n are taken so that 
l + m + n^Q. 
In the first case we see from Ex. 97 that tho foci of the 
conic are the double points of the systflm in involution deter- 
mined by the centres of similitude of the circles. 

In the second case the foci are the points at which 
the centres of similitude of each pair of circles subtend 
a right angle. 

143. Given two circles, show that there is a single para- 
bola having double contact with them, and that the focus 
of the curve is the middle point of the centres of similitude 
of the circles. 

144. Given four tangents to a conic, to find the locus of 
the centre of a circle of given radius having double contact 
with the curve. 

Let a, 3, 7, S be the perpendiculars from a point on the 
four tangents, and let 

/„ + mji + ny+pS = (1) 

bo an identical relation. Now if a, a are the perpendiculars 
from the polo of the chord of contact and centre of the circle, 
t of the curve, we have 



where r is the radius of the circle and m is a constant ; hanee 
from (1) we obtain 

^ v/(a' - n + )" y 0' ■ ■ n ^H^iy'- r-) + p /{g^ - r)= (2) 
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for the equation of the locus. This equation when cleared of 
radicals is found to be of the sixth degree, as terms of higher 
orders vanish identically. It can easily be shown that the 
locus passes through the circular points at infinity, and the 
points at infinity on the diagonals of the quadrilateral formed 
by the tangents. If we put /■ - S in {2), we see that the 
locus of the foot of the normal at the point of contact of one 
of the tangents is 

V("* - 8") + » •*' - S') + » •(7' - i") - 0, 

which being divided by S represents a cubic passing through 
the points where S is met by o, fi, y. 

145. By the same method as that employed in the pre- 
ceding example we can show that, when we are given three 
tangents to a parabola, the locus of the centre of a circle 
of given radius, having double contact with the curve, is a 
curve of the fifth order. We can prove that this locus 
is unicursal as follows : — Sinco there is only one circle of 
given radius having double contact with a parabola, the 
co-ordinates of its centre must be capable of being espre^ed 
rationally in terms of the coefficients in the equation of the 
curve. But given three tangents to a parabola, the coeffi- 
cients are quadratic functions of a parameter ; there- 
fore, &c. 

146. GKven four points on a conic, to find the locus 
of the centre of a circle of given radius having double 
contact with the curve. 

Let a, /3, y, S be the perpendiculars from the points on a 
line, then if /, m, n, p are the areas of the four ti-iaugles 
formed by the pointe, we have the idontical relation 

'a + mft^ ny+pi- 0. (1) 
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Now if pi, pi, Pi, pi are the diatancea of a point from tlie four 
given points, and r is the given radius, we have 

pi' - r^ = e'a\ pi' - r'' = e'/3', &c. ; 
henee from (1) we obtain 

i-/(p.' - »•') +"fv/{p.'-r^) +«v^(p/ - »■') -i-p v/(/>.' - r') = 0, 
which heing cleared of radicals is found to represent a cnrve 
of the sixth order. 

If the four points lie on a circle, we can show hy the 
method employed in Salmon's Conies, Art. 288, Ex. 10, that 
the locus hreaks up into two of the third degree. 

If the four points are at the vertices of a parallelogram, 
we have l = -m = n = -p, and it can he easily shown, then, 
the locus reduces to a curve of the fourth order. 

Putting *■ = pi, we see that the normal at one of the 
points meets the arcs of the curve in points which he on the 

/ ■/ (/»!' - p:-) + »» y{p^ - p') + " -/(p" - p') = 0. 

When the given points He on a circle this conic hreaks up 
into two lines passing through the centre of the circle. 

147. A circle of given radius has double contact with a 
conic inscribed in a fixed triangle ; if the pole of the chord 
of contact lies on a fixed line, show that tho loons of the 
centre of the circle is a curve of the fourth order. 
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VI.— cmCLES CUTTING THE CUEVE ORTHOGONALLY 
AT TWO POINTS. 

148. There are two systems of circles which out a eonie 
orthogonally at two points, the lines joining the points being 
parallel to one of the axes of the curve. 

If — + 1^-1 = is the equation of the eurvo, the equation 

«,• + /- 2 y «! + «■ + r - ,H" . (1) 

represents the circle cutting the curve orthogonally at the 
points where it is met by the line a: - ic' = 0, and 

^. + y._2?^j,+ 6--c' + pj-.0 (2) 

represents the circle cutting the curve orthogonally at points 
on the line y - y' ^Q. 

If r is the radius and « the abscissa of the centre of the 
circle (1), wo easily find 

.-■ '-■-'■y-'^ (3) 

and if r is the radius and /3 the ordinate of the centre of (2), 

(f3--y)(P't»-) 

p. ■ m 

14y. Since the equation (3) in the preceding example is 
nnaltorod if we interchange « and c, it follows that the circles 
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of the BjstetQ (1) are also doubly orthogonal to the oonic 

c' I)' 

The points on this conic will always be imaginary when 
those on the given curve are real, and real when the latter 
points are imaginary. 

It may be observed that the circles of the system (2) are 
doubly orthogonal to tho imaginary conic 

^ + 1 + 1.0. 

150. The envelope of the system of circles at Ex. 148, (1), 
is evidently 

{x^ + y' + «' + c'f - 27a=cV = 0, 
which, being transformed to elliptic co-ordinates by means of 
the formulae 



becomes (/*' + v^ + a') - 27a'it'v^ = ; 

but this is equivalent to 

ftl + v'^ + ai^ 0. 
The envelope can also be written in this form, if the 
vertices of the curve are taken as the foci of the Bystem 

151. If pairs of circles Having their centres on an axis, 
and cutting each other orthogonally, be described through a 
fixed point on a conic, the circles passing through the vari- 
able points where they meet the curve again have a common 
radical axis. 

The circle having its centre on the axis of ^ and passing 
through the points Xi, x-i on the conic 
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may ho written 

x' + p' - e' (xi + ajj) w + e'wio:! ~ 6' = 0. (1) 

Now, if a ia the abaeiasa of the fixed point, the circles 
ie-' + f-<^(a + X,)x + e'ax, - b' = 0, 
i>^ + 1/^ - e^ (a + Xi) iv + e' aXi - b' = 0, 
cut each other orthogonaHy if 

e^ [a + x,](a + x,)-2e'a [,», + x^) + W = 0, (2) 

subject to which condition the circle (1) paasea through the 
fixed points determined by the equations 

.=a^'.. «-..-=(i. ;!)»■..„.. (3, 

Those points satisfy tho equation 

which represents the circle cutting the eurre orthogonally 
at the points lying on a: = a. The locus of the points (3) is 
evidently a concentric conic , but if the curve is an equilate- 
ral hyporboli they he nn the axi« ot i/ 

152 If three circles of the sjstem at Ex, 148, (1), be 
drawn through a point, show that the centioid of the three 
corresponding points on the curve lies on the axis of i/. 

153 Pairs of (.ircles of the system at Ex. 148, (1), are 
described fco as to have the same ladius , show that their 
centres belong to a sj^tem m involution 

154. The circle cutting the parabola y'^ - px = orthogo- 
nally at the points where it is met by the line x - x' = may 
be written 

.r + !/'' + 2/,r - 3/' - px = 0. 
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Ita envelope is, therefore, 

{2x - pY + 12 {^ ^ y'] = 0, 

which represents an imaginary conic. 

155. Let 8 be the osculating circle at a point x', j/ of the 
eonic —^ + 7^ - 1 - ^- Show that a parallel to the axis of p 
through the centre of 8 raeeta a circle concentric with the 
curve and cutting 8 orthogonally in the points of ultimate 
intereeotion of the circle 

x^ + y' -2%a:+ a' ■+ c' - e^x^ = 0. 
" X 

156. Show that the length of the tangent from a focus to 
the circle (2), Ex. 148, is ec[ua.l to the semi-diameter of the 
curve parallel to the tangent at /. 

Also show that the angle between the tangents from a 
focu6 to the circle is equal to tt - 2^, whore $ is the eccentric 
angle of if . 

157. If a circle of the system (1), Ex. 148, cut orthogo- 
nally a circle of the system (2) in the same example, we 
must have 

from which we can show that the line joining the centres of 
the circles touches the confocal eonic 



If a circle of one system cut orthogonally a circle of the 
other system belonging to a confocal conic, we can show that 
the line joining their centres touches a confocal conic. 

158. Tangents are drawn from the focus c, to circles 
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of the system (2), Ex. 148 ; show that their points of contact 
lie on the limacon 

(ai' + y - cxY - b^ {x'' + y^) = 0. 

159. Lines are drawn through the focus c, o and the 
centres of circles of the system (2), Ex. 148 ; show that they 
meet the circles in points lying on the cubic 

160. To describe through a point on the cutto eireles of 
the system (1), Ex. 148. 

Eliminating i/ between the equations 



.f + f-2-;X-i-a^ -I- fi= - e^^ = 0, 
and dividing hj x - d, we ohtain 

e= (ic^ + x'x) - 2a' = ; 
hence two eirdes of the system may be described, and the 
circles passing through the variaWe points where they meet 
the curve again intersect the asis minor in two fixed points. 
161. If two circles of the system (1), Ex, 148, be de- 
scribed to cut orthogonally a circle of the system (1), Ex. 89, 
show that the circle passing through the corresponding points 
on the curve meets the axis minor in the fixed points 
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VII.— KOEMALS. 

162. A triangle is inscribed in the conic 

S^- + |J-1 = 0, 

and ciroumsoribed about the conic 

«■ - ^ + iJ - 1 = 0, 

to show that the normals to S, at the vertices of the triangle, 
pass through a point, and to find the locus of the point. 

Writing down the conditions that the aides of the tri- 
angle 

^ COB i (. + /3) + I sin i (a + P) - cos I („ - (3) - 0, &c, 

should touch iS', and eliminating a and h\ we obtain 

sm(a + )3) + 8mO + r) + .m(T + a).l), (1) 

which shows that the normals always pass through a point. 
Now the hyperbola 

passes through the feet of the normals drawn from x', y to S\ 
hence, since S" circumscribes triangles ciroumsoribed about 
S', we find from the invariant relation connecting the two 
latter conies 
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163. If in the preceding example 



the locus (2) coincides with S. Thus we see that the normals 
to S at the extremities of chords touching the conio 



intersect on the curve. We are permitted to assume the 
values (1) for a', b', as they are consistent with 

--1.-^-0. 

a 
the invariant relation connecting 8 and iS". 

From Ex. 35 we see that the locus of the centre of the 
circumscrihing circle is, in this case, 

a' a* + b'p" - ^a'b'. 
Also the envelope of the cireumsoribing circle is 

(#,/-»--sf-^..s.(!;+f;)=o. 

From Ex. 7 the locus of the eentroid of the triangle is 
^ y^ ^ 1 («' + b')' 
a' b' 9 c' • 
164. To find the area of the triangle considered in the 
preceding example. 

Let XiPi, icjJ/e, x,y3 be the co-ordinates of the vertices of 
the triangle, then we have 
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e squaring we obtain 

iA'^ -Zxtj, 2f, ^y ■ (1) 

2a-, 2y, 3 

But eliminating y between 

1 + |_„1 = 0, c'xy + b'y'x-a'/ij^O, 
we obtain 

c'x' - 2fl' ifx'x' + a? {d'w" + b'p'''C*) «= + &e. = ; (2) 
bence «i + »s + ccj + ce' = —^ «', 

since a:' is one of the roots of (2) ; therefore 



23) = 



(■»■ t »•) . 



and similarly 2y = - 

We also find 

26' 



S/ = 



- |(S'-2c=}/=- mV + c-j, 



lienee, substituting these values in (1), and reducing by means 

x' i/'^ 
of the equation — + ^-1 = 0, we get finally 
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165. A chord of a conic is a tangent to a parabola which 
touches the axes of the curve ; show that the normals at its 
extremities intersect on a curve of the third order. 

166. The circle 

a? + y' - ^ox - 2/3// + /:= = 

passes tliTOugh three pointe on the conic 

.r if- 

^ + 1^ - I = (*. 

at which the normals intersect in the same point ; show that 

^«1_ i'i3° ^1 

167. From the point where a normal to the conic 

touches the evolute two other normals are drawn to the curve ; 
show that the line joining their feet is normal to the oonic 



168. If S and T are the invariants of the pencil which, 
joins any point on the conic 

to the feet of the four normals drawn to the curve from x, y, 
show that 

S' _ (e- - i-^ - b'f)\ 

169. If from points on the line h 4 mi/ + j( = normals 
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show that the poles of the chords joining their extremities 
form a quadrilateral ineerihed in the cubic 

170. A conic circutnaeribeB a triangle so that the normals 
at the vertices pass through a point ; to find the locus of the 
centre of the curve. 

If 6 is the angle which the chord joining the points 
a, |3 makes with the diameter bisecting it, it can be easily 

shown that cot d = ^—r sin (a + B) ; hence we see that the 
2ab ^ '^ ' ' 

condition {Conks, Art. 331, Ex. 10) that the three normals 

should meet in a point can be written in the form 

cot0i+cot0, + cot0. = O, (1) 

where 0„ Q^, 6i are the angles which the sides of the triangle 
make with the diameters bisecting them. But if a, /3, 7 are 
the perpendiculars from a point on the sides of the triangle, 
we have 

4a sm Ji sin V 
and similar values for 9^, ff^; hence, from (1), we obtain 

which lepresonts a cubic passing through the vertices of the 
triangle, the ccntroid, and the centres of the circles touching 
the sides. 

It may be observed that if conies be inscribed in the 
triangle, so that the axis major passes through the centroid, 
the foci will lie on tlio cubic (2). 
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171. In the preceding example show that the locus of 
the points through which the normals pass is the cutic 
{eoB^ - COS B cos C) u 0" - 7') + (cos 5 - cos ^ cos C]^{-f- - 1^) 

+ (cos C - COB ^ cos B) y («' - 3=) - 0. 

172. To find the condition that the normala at six points on 
the curve -^ + ^ - 1 = should be all touched by the same conic. 

Expressing that the normal whose equation is 

COS ^ sm ^ 
touches a conic given by the general equation, we obtain an 
equation of the eighth degree in tan \<p, between the roots of 
which we find three relations by eliminating the constants in 
the equation of the conic. Eliminating from these relations 
two of the roots, we have the condition required 

PQ-RS= 0, 
where i* - S cos i {^1 + ^j + ^3 - $, - ^s - ^0- 

Q = S sin ($, + ^5 + $j + ^i), 

ii = S cos (s - ^1). ^ = sin 2« + S sin ($, + 0^), 
2s being equal to '2,<p. 

If the normals at six points on the parabola y- - px = 
are all touched by the same conic, we find 

173. Three normals are drawn from a point P of the conic 



to the curve ; show that the product of their lengths is equal to 



■here p is the radius of curvature at P. 
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174. Normals are drawn from a point x, y to the para- 
bola y"^ - 4mx = ; i£ A is the area of the triangle formed by 
their feet, show that 

A' = 4m {x - 2my - 27m''y'. 

175. Normals to the parabola y' - 4mx - include a 
constant angle ; to find the locus of their intersection. 

Let Tis write the equation of the normal in tho form 

y -ix + Ipf + ipf = 0, (1) 

where ( is the tangent of the angle the normal makes with 
the axis of x; then if a, 3, y are the roots of the equation 

(1) in i, we form the equation whose roots are ~ -^r^, &c. 

We thus find for the locus 

f {2m' - x' + ?nx + f {^^ + Zm' - mx)}^ 

-m{l + t'f[i(x^2my-27mf] =0, 

where t is the tangent of the given angle. 

176. Triangles are inscribed in the parabola 

V = y' - px = 0, 

and circumscribed about the parabola 

(ax + lif/'f - 4p(i'^x + yay - p^y = ; 

show that the normals to V at the vertices of the triangle 
pass through a point, and show that the locus of this point is 
a right line. 

177. To draw a normal to an equilateral hyperbola from 
a point on the curve, 
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The curve referred to the asymptotes being written in 
the form 

2^1/ - a' = 0; (1) 

the hyperbola which passes through the feet of the normals 
from ^, i/ to the curve is 

^■-y'-^'t^ + y'y = 0. (3) 

Solving, then, for x from (1) and (2), and remembering 
that Ixy' = «', we find 

and, similarly, «/* = - a «^it^'- 

Thus we see that but one loal normal can be drawn. 
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VIII.— l:nes making- a constant angle with 

THE CUEVE. 



178. To find the loeue of the poles of lines making a 
constant angle with the conic 



If <ji ia the occentrie angle at a point on the curve, and m 
the tangent of the given angle, the equation of the line may 
be written 

X {b cos ijt + ma sin f) + y (« sin ^ ~ ml> cos ij>) 

~ [ab + mv' sin ^ oOB ^) = 0. (1) 
Comparing this equation with 

"4*'€-i--i>, 



m' 


5 cos + ma sin * 


a' 


ab +■ mc^ sin ^ cos ^' 


y' 


a sin ^ - mb eos <p 


6= 


ab + wi(? sin ^ eos ' 



henoe, eliminating $, and omitting the 
of the locus is 



'' \ a'b' a' by a'b' yd" V ) 



1-0. 
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whicli represents a quartic having a node at the origan and 
two nodes at infinity. "We see thus that the envelope of the 
line (1) is a curve of the sixth order with six cusps. 

179. To find the condition that three hnes making au 
angle tan"' m with 

a' b' 
at the points a, /3, y should meet in a point. 

Since the equation of the liae making the angle tan"'/« 
with the curve at the point jk', i/ is 

a'/^(^ + ^-l\ + m [c^y'x - }?x'y - cVy') = 0, 
it follows that (see Conies, Ait. 181, Ex. 1) the hyperbola 

S'^m {^xy + b^y'x - aVi/} - b^nfx - o?i/y + a'b^ = (1) 
passes through the points on S, at which lines making the 
angle tan"'m with the curve intersect in !/,y'; hence, if P,Q, 
are a pair of lines passing through the latter points, we must 
have 

where, in terms of the eccentric angles, 

P = - cos i [a + /3) + I sin A (a + P) - cos i (o - fjj, 

Q = %os i (7 + S) + I sin i (t + S) ' cos i{y-B]. 

Equating, then, the co-effioienta of ^, y', xy, and the absolute 
terms in this identity, we obtain 

A = A cos i (a + J3) cos J (7 + S) = X sin ^ (o + ^) sin Ht + S), 
me'ab = X sin -|- (o + (3 + 7 + Sj, 
a'b' - ^ = X cos |(n - /3) cos ^ (7 - S) ; 
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hence a + /3 + 7 + S = tt, (3) 

and sin O + 7) + sin (y + a) + sin (a + /3) = — ^. (4} 

180. The envelope of the line (1), Ex. 178, may he moat 
easily ohtained hj expressing that the conies S and jS' in the 
preceding example touch one another {Conies, Art. <i72). We 
see thuB that the envelope is of the sisth order. We find the 
four points on the curve corresponding to the cuepa of the 
envelope hy putting a = (3 = 7 in (4), Ex. 179, when we get 

■ 2 - ^"^ 

The two remaining cusps are at infinity. 

181. If through any point /, y' of the hyperbola 

lines he drawn to make the angle tan"' m with the conic 

show that their feet lie on the Knes 

mifcr - a' (j/' + mx') = 0, 
mc'p - b''[i/ - mi/) = 0. 

182. The circle passing through of, y' and the points 
of contact of the tangents from a^, y to 

meets the curve again on the line L. Show that the centre 
of the hyperhola (1), Ex. 179, lies on L. 

183. If triangles he inscribed in the conic 
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and ciroumscribGd about 


the 


concentric 


conic, 


gential equation 


is 










s. 


Ar + -B, 


u° + 


Cv' + 


2fl"ip . 0, 


we have from (3) 


and (4), 


El. 


39, 






/A 


+ !)«» 


i<,4 


2B . 


Op, 


{i 


^D- 


10- 


2H 


;os0 = 


Cf, 


hence 


psin^ 


-<J 


co.j, 


2B 

aha 





but j3 sin ^ - 5 cos $ = sin O + 7) + sin (7 + a) + sin (a + J3) ; 
thua we see at once from (4), fix. 179, that lines making the 
constant angle tan"' I ^^ J with S at the vertices of the tri- 
angle pass through a point. 

To find the locus of this point we express the invariant 
condition that the hyperbola (1), Ex. 179, should circum- 
scribe triangles eir cum scribed about 2 ; we thus find 
a' a* {y + inx) ^^h'b*{x- myY - 2A'«^ S° (^ + tnte) [x - my) - m' c* = 0, 
where «V + b'y^ + 2h'im/ -1 = 

is the equation of S in a;, y co-ordinates. 

184. Lines making a constant angle with a conic at the 
vertices of an inscribed triangle pass through a point on the 
curve ; show that the locus of the centroid of the triangle is 
a coDoentrio conic. 

185. From the point of intersection of two lines making 
a constant angle tan"'«i with the conic 

^+^'-1 = 
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at the extremities of a chord which passes through tho fixed 
point 3^, ij, the two other lines are drawn which make the 
same angle with the curve ; show that the chord joining the 
feet of the latter pair of lines touches tho parabola whose 
1 equation is 



186. The locus of the intersection of lines making a con- 
stant angle with a conic at the extremities of a chord which 
passes through a fixed point is a curve of the third order (see 
Conks, Art. 370, Ex.). If the fixed point is on the diameter 
which cuts the curve at the given angle, tho loeus reduces to 
a conic, as the diameter in this case is part of the locus. The 
locus also reduces to a conic if the fixed point is at infinity, 

187. From the point where a line making a constant 
angle with the conic touches its envelope the two other lines 
are drawn which make the same angle with the curve ; show 
that the hne joining their feet cuts a concentric conic at 
a constant angle. 

188. A conic oiroumscrihes a fixed triangle, so that lines 
making a given angle 6 with the curve at the vertices pass 
through a point; show that the locus of its centre referred to 
the triangle is the cuhio 

{see Ex. 170). 

189. If a, ji, y, 8 are constants, and x, y rectangular 
co-ordinates, show that the line 

ax cos ^ H- ^y sin $ = 7 + 8 sin ^ cos ^ 

cuts at a constant angle a conic having the origin for centre. 
Also show that this cannot be the case if a = /3. 
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190. If three lines making the given angle tan''?« with 
the parabola if - \a-x = at the points y,, y^, yi pass 
through a point, we find 

^1 + y-^ + ys = —■ (1 ) 

Now ?/, + ^3 + ^3 + ^4 = 

is the condition that four points on the curve should lie on a 
circle; hence we see from (l),that the circle passing through 
the three points meets the curve again in the fised point 

191. Triangles are inscribed in a parabola S, and ckcum- 
soribed about a parabola S' ; show that lines making a cer- 
tain constant angle with S at the vertices of one of the 
triangles pass through a point, and show that the locus of 
this point is a right line. 

192. If two lines are drawn through the point y on the 
parabola y" - i^ax = 0, to meet the curve again at the angle 
tan"'m, we find that the equation oi the line joining their 
feet is 

iiiiax + [my' -2a)y + 2a {/ + ima) = 0, 

which, when y varies, passes through the fixed point 

y=-~^ ^--^(l+3»i'). 
The locus of this point for different values of in is the equal 

if + 4fl (« + 2a) = 0. 
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193, A triangle is cirouraBOribed about a conic S, and 
inscribed in a oonfocal conic S'; to show that the osculating 
circles at the points of contact of the sides are all touched by 
the fourth common tangent of S and one of the circles 
touching the sides. 

If S and S' are both ellipses, it is evident that the 
tangents to S', at the vertices of the triangle, are the ex- 
ternal bisectors of the angles ; hence its equation in trilinear 
s must be 



a/j + Pt + 7. - 0, 
and in tangential co-ordinates 

^'^A' +lj.' + v'- 2,iv - 2v\ - 2\n = 0. (1) 

But S being confocal with 2' must be of the form S' + kQ,, 
where 

Q. ^A'+/ + v' - ^nvCOsA - 2v\ eosB - 2X,j. eosC = (2) 
represents the circular points at infinity ; hence, since 2 must 
not contain the terms A', n', u', we have 

2 = A^ain^i^ + Asin^^if + Xft sin'^C. (3) 

Now 2 - (X sin= | B + ^ sin' -i- A) {IX + m/i) ■= (4) 

represents a conic having contact of the second order with 2 
on the side opposite tho vertex v ; and if we express that 
this conic (4) passes throiigh the points represented by Q = 0, 
we should obtain the equation of one of the osculating circles. 
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We thus ottain the equation 

a ~ \X{^-T^ - 1 + ^ . , ,^, - 1 + t.U Q. 5 
{ \&iB?lO J \ Bin'^C / ) ^ ' 

But this is evidently satisfied "by 

^ 1 1 1 

cos -B - COS C " coa <7 - oos A' cos ^ - oos if ' 



e are evidently the co-ordinates of the fourth common 
tangent of S and the circle inscribed in the triangle. The 
three osculating circles have, therefore, this line for a common 



If S and S' are not both ellipses, the osculating circles 
are touched by the fourth common tangent of S and one of 
the exsoribed circles. 

The above result can be readily proved by means of 
elliptio functions ; for, by Ohasles's theorem, the extremities 
of the diagonals of the quadrilateral formed by the common 
tangents of a conic and a circle lie on a confocal conic; 
hence, from Ex. 44, we see that if four tangents are touched 
hy the same circle we must have 

Ui + 3h + "3 + tti = 0, or -imjr. 

Now three tangents coincide at the point of contact of an 
osculating circle ; hence, for the points of contact t(„ Mj, u, of 
three osculating circles which touch the tangent ti, we have 

'Aih + M = 0, 

whence Mi = - ^Jt, and ih == - -^« + ^J^, ih = - ^a + f -ff", 

from which it follows that the tangents Ui, u^, v, are touched 
by a circle touching u. There are nine osculating circles 
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touching a glvea tangent, but six of these are imaginary, cor- 
responding to the imaginary periods of u. 

194. Show that but one real osculating circle, besides the 
one at the point of contact, can be deaorihed to touch a giTon 
tangent to a parabola. 

195. Six oaculating circles of the curve 

- + s - 1 - » 
are described to cut orthogonally the circle 

S = x' + f + 2gx + 2/i/ + c=(l; 

to show that their centres He on a conic. 

Expressing that the osculating circle whose centre is x, y 
and radius r cuts S orthogonally, we obtain 

2gx + %fy^c + <c'-^f- .-' = 0. (1) 

But from the equation of the osculating circle {Conic-i, Art. 
251, Ex. 3) we have, in terms of the eccentric angle, 

X = — coe^ 0, y - ^ T ^^' ^' 

a^' + / - ,-' = (a= - 26') co3= 9 + (6' - 2d') sin' ; (2) 

therefore a'»' + i'y' = c' (1 - 3 sin'0 cob'0) ; 

hence from (1) and (2) we obtain 

{2gx^2fy + cy-[aUh-'){:2gx + 2fy + c)-Z{a'x'^b'y-) 

+ a' + b'-a'b' = 0, (3) 

which proves the theorem. 

If the curve is an equilateral hyperbola, the conic (3} has 
double contact with the curve. 

196. If four osculating circles of the parabola y' - j).r = 
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are cut orthogonally by the same circle, show that the ordi- 
nates of the points of contact are connected by the relation 

y 

197. Three circles osculate the parabola y''--px = i) at 
the points y\, yi, y-;, ; show that the equation of the circle 
cutting them orthogonally is 

where jh = 2y„ p^ = ^y,yi, p^ = y> y^ Pz- 

198. If the osculating circle of a conic cut the director 

2k' 

pondicular from the centre on the tangent at the point of 
contact, and k is the radius of the director circle. 

199. Let the tangent to a hyperbola at a point P meet 
the asymptotes in ^1, j5 ; if perpendicular to the asymptotes 
at A, B meet the normal at P in A', S, show that the middle 
point of A', B' is the centre of curvature at P. 

200. The tangent to a conic 8 at the point P meets a 
concentric, similar and similarly situated conic S' in A, B; 
if the normals to 8' at A, B meet the normal to S at P in 
A', B', show that the middle point of A', B' is the centre of 
curvature at P. 

201. If S ia the square of the tangent drawn from the 
point whose eccentric angle is B on the conic 
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to the circle passing through the points a, ji, 7 on the curve, 
we have, from Ex. 1, 

S'=fl^G08'9+6'siTi'9--^ii'coBfl (coso+cosf3+eosy + eos((i + /3+7)| 

+ ^ c* sin 9 ( ain a + sin /3 + sin 7 + sin (a + ^ + 7) ) 

= ic=(cOs3fl-C09{a + /3 + 7-fl)+ScOs{a+(3)-2cOs(9s-7)l 

= c'8in^(0 + „+/3 + 7)(siui(a + /3 + y-30) 

+ sini(e+a-^-7)+sin^(e + /3-7-a)+sini(e + 7-a-/3)| 

=4c=siii|(9+o+i3+7)sini(e-a}sini(0-3)sin^[fl-7). (1) 

Putting, then, a = /3 = 7 in this expression (1) for an oscu- 
lating circle, we get 

,S = 4rsini(e + 3a)sin'|-;e-a). (2) 

Now if wo have three osculating circles passing through 
the same point on the curve, the eccentric angles of their 
points of contact are connected hy the relations {Conies, Art. 
244, Ex. 3) 

andthen sin^ (0-a) + sin^ (0 -^) +ain^ (9^7) = 0. [S) 

Thus Tve see from (2) and (3) that if the curve bo rofen-ed to 
throe such osculating circles Si, S3, Sj, its equation will he 

VS,+VS,+V8,^0. {4] 

If wc substitute for S„ S3, 83 expressions in Cartesian 
co-ordinates, and clear equation |H) of radicals, terms of 
higher orders than tbo fourth will he found to vanish identi- 
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cally. The result is thou divisible by the square of the 
distance from the point common to Si, Sj, S,, and the re- 
maining factor gives the equation of the curve. 

802. Three osculating circles of a conic pass through the 
8ame point on the curve; if ^, x, i/- are the angles at which they 
intersect, and A, B, C the angles of the triangle formed by 
their points of contact, show that 

203. Three osculating circles of a conic pass through the 
same point on the curve ; show that the triangle formed by 
their centres is similar to the triangle formed by the extremi- 
ties of the diameters conjugate to those drawn to the points of 
contact. 

Also show that the ratio of corresponding sides is equal 
to ■- f - — - ■ ], where a, b are the semi-axes of the curve. 
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X.— CONICS HAVIITG DOUBLE CONTACT WITH A 
FIXED COSIC. 

204. A conio has double contact with a fixed oonio aud a 
fixed circle ; to find the locus of the foci. 

If the tangential equation of the fixed conic is 

and that of the circle 

we have seen in Ex. 44 that, when S + -^ S' breaks up into 
factors, h? is a root of the cubic equation 

tenee if we write S + - S' = EF, (2) 

where E and F are the extremities of one of the diagonals of 
the quadrilateral formed by the common tangents of S and 
2', the equation 

e'£= + 20['s-pS'"] + i^ = O (3) 

(see Conies, Art. 287) represents a conic having double con- 
tact with 2 and S'. Writing this equation (3) in the form 



m + i?)" - 49 -, (oA + p^ ^ !)■ + ith' (X- + /) 


-0, 


see that the points 




HE tF±-./ll{^\ f|3,i-l).(l 


(4) 
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120 CONICS HAVING DOUBLE CONTACT 

are foei. Taking, then, the envelope of this equation (4), wc 
have, for the locus of tho foci, 

or from (2) S - A' (A= -f f,'} - 0, (o) 

which represents the confocal conic passing through the 
points JS and F {see Ex. 44 (2) ) . 

This oonio gives the loous of the foci, when the major 
axis of the variahle conic passes through the centre of 2' ; 
for the points represented by the equation (4) are evidently 
eollinear with aj'A + y'/i - 1 = 0, which represents the centre 
of S'. When the minor axis of the variable conic passes 
through the centre S', the foci are the anti-points (Salmon's 
Higher Plane Curves, Art. 139) of two points on the conic (6) 
which are collinear with the fixed point /, y'. To find the 
locus in this ease, let 

be the equation of (5) in x, y co-ordinates; forming, then, 
the equation of the chords of intersection of S and 

(see Conies, Art. 370, Ex.), and expressing that this equa- 
tion is satisfied by the co-ordinates of the fixed point, wo 
obtain the locus required 



y Google 



WITH A FIXED CONIC. 121 

Writing this bicircular quartic in the form 
((»,-/)■+ (J/ -!/)■+ J S' {^ + ,f ~ «'■ - b")]' 

= iS'-|(/ + (^ + .)-||/ + (a^ + «)■), 

„ of ^' 
where /5 ^ -;- + 77- - 1, 

WG eee that it has two foci in oommon witli 2. We can also 
show that the quartic has a node at the foot of the perpen- 
dicular froiE x', y' on its polar with regard to H. 

Hence the complete locus for the three systems of variable 
conies consists of three oonfoeal conies and three nodal bioir- 
cular quartics. 

205. A conic has double contact with a fixed circle and 
passes through two fixed points ; show that the locus of the 
foci consists of two oonfoeal conies and two nodal bioiroular 
quarties, 

206. A conio has double contact with a fixed circle and 
touches two fixed lines ; show that the locus of the foci con- 
sists of two pairs of lines and two circles. 

207. A conic has double contact with a flied circle, 
passes through a fixed point, and touches a fixed line ; show 
that the locus of the foci consists of two conies and two nodal 
bicireular quartics. 

208. A conic has double contact with a fixed circle and 
touches two fixed conies having double contact with the 
circle ; to find the locus of the foci. 

Let x^ + y- -k^ ^ J= be the w, y equation of the fixed 
circle, and v' - k^ (A^ + ;k^) = its tangential equation ; then 

»-!.'^i'(X' + p')|-(aX+(3,H-.)'.0 (1) 

represents a conic having double contact with J. But the 
pair of foci of this conic (1) which arc coUInear with the 
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centre of J are evidently determined by the equation 

aX + /3/t + 1/ ± wiv = ; 
hence wo may write (1) 

m'W- F (V - ^=)|- ((m - \){x\ + y,i) - v]' = 0, (2) 

where x, y are the co-ordinates of one of the foci. Now, if 
this conio (2) touch the conic 

-,! {.■ - F(V + pt)\-{{m, - 1)(t.X + !,„4 - vl- - 0, 
we must have {Conies, Art. 387) 

|(«.-1)'(«' + !,')^J>(1 + »,')) ((»i,-l)-W + y,')-S'(l + «'.')l 
~\{m-l){m,-l)(=, + „:,-f(l±mm,l'.l); 
but this relation can be written in the form 

= {(a^-^0= + (y-yO'j*=p, say, (3); 
hence, if the conic [2] touch two fixed conies of the system, we 
have, from (3), 

(p,± ?,)■-(•* + •«.)■, (4) 

where 5i = xi' + t/' + k' { — — : |, iS, •= &c. 

But thia equation (4) represents a pair of confocal eonics, of 
which each focus is also that of one of the fixed conies. 
Taking account, therefore, of all the foci of the fixed conies, 
we seo that the locus consists of four pairs of conies whose 
foei are formed out of the foci of the fixed conies. Those 
four pairs of conies give the locus of the foci when the major 
axis of the variable conic passes through the centre of J. 
"When the minor axis of the variable conic passes through 
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the centre of J, tlio foci are the anti-points of the imaginary 
foci which arti collinear -with the centre of J. If x^y^, x^yt 
are the co-ordinatea of the latter pair of foci, and x, y thoae 
of a real focus, we have 

2a! = a;. + iEi±i/^(!/,-j'j), 'iy = yi+yz+ -/-lixy-a:^]. (5) 

But if X, y\ is a focus of the conic (2), it is easily shown that 
the other focus is 

l-m \-m 

and if {x-a)'+{y-^Y={ax^by^cJ (6) 

ia the -eijuation of the locus of xx, y„ we have, from (3), 

where S = a' -i li^ + 1^' ,"^ / ; 

' m - 1 

hence is equal to an expression of the form 

a'x, + h'y, + c'. 

We have then, from (5), 

where y = a'x, + b'p, + c, 

and Xi, j/i are connected by the relation 

(a:, - af+ (j/, - /3)= = (ax, + by, + c)\ 

We tlius find, by eliminating x„y, from these equations, that 
the locuB of a-, y is a hieirculai' quartic. There are eight 
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such quartics altogether corresponding to the different conies. 
The entire locus thus consists of eight eonics and eight 
bieircular quartics. 

209. A eonic has double contact with a fixed conic, and 
touches two fixed parallel lines ; show that the envelope of the 
asymptotes consists of two conies — concentric, similar, and 
similarly situated with the fixed conic. 

210. A conic has double contact with two fixed eonfocal 
conies ; to find the locus of its foei. 

Let 

he the tangential equations of the fixed conies, and let 

«'=_«' = b'^ -lf = h\ a'-~¥ = c': 
Then e'!i'{c\ + vy+26(b''^ + l>'-S.') + /r{cX-vy = (1) 

represents a conic having double contact with S and S'. 
The axis of x is one of the principal axes of the conies of this 
system. 

To find the foci of (1), we have [Conm, Art. 258} 

C{3f-f]-20w + A-S^O, (2} 

y [Cx -6)=0, (3) 

where C = A' (S' + 1) - 2 (i>= + b") 0, 

G ^ ch' {H' - I), A-B = c''h'{(r- + l) + 2d'{b'\-b")B; 

hence, omitting the factor y = 0, and eliminating 6 between 
the equations (2) and Cx- (? = 0, we get 
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which represents a pair of circles passing through the foci 
and the intersection of S and S'. 

For the ejstem of conies, one of whose principal axes 
coincides with the axis of y, the locus is found to be 

The equation 

/j=cose(A'-;u') + 2A'siii0AM+2 + 2'=O (4) 

represents the system of oonies having double contact with S 
and S', which is concentric with them. For this system the 
equations for determining the foci arc 

x'^ ~ y' - e^ - h^ eosO = 0, 2xy - A' sin fl = ; 

hence the locus is 

which represents a confocal oval of Cassini passing through 
the intersection of the given conies. 

2H. The director circle of the conies of the system (4) in 
the preceding example is 

a? + y^'{a^ + V ^ k') = 0, 

which is absolutely fixed. This circle is the locus of points 
through which tangents to S cut at right angles tangents 
to S'. 

Putting a' + b^ + A" = 0, we see that an infinite number 
of equilateral hyperbolEe can be described to have double 
contact with the confocal hyperbolae 



iv' y' _ 



h T.-h- 1- 
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212. The diSerential equation in elliptic co-ordinates 

d/i dv _ n en 

•T(«^- /<■)(>•■ -""Jl * 7T(»'-»-)(v" -«■■)! ~ ■ ' 

represents a system of conies having double contact with the 
confocal oonics /i = fl, r = «' ; for, by the theory of elliptic 
functions, the integral of this equation (1) can be written in 
either of the forms 

Anv+B^[ {a' - ^=)(ffl= - v=) i + C = 0, 

(2) 
A'fiv + B' ^{{ft" - a"){v' -«'=))+(?' = 0, 

where vJ, 5, &c., are oonetants; and if we transform these 
expressions (2) to Cartesian co-ordinates, we have 

hence, from (2), we see at once that (1) represents a conic 
having double contact with the fixed oonica. This equation 
(1) belongs to the system of conies whose equation is given 
at (1), Ex. 210. In a similar manner we can show that the 
difEetential equation 



^{{ti'-na'-I^W-a")] -^ v' {{c'-v']{a^-v'){a"'- 



= 0, (3) 

to the second system of conies considered in Ex. 210. 
Again, ws can sliow that 

* + ± =0 (« 
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is the differential equation of tlie system of ooniofl at (4), 
Es. 210. 

From these differential equations we see that the two 
conicB of each system, which oan he drawn through a point, 
make equal angles with the conies confocal with the given 
ones that pass through the point, 

AIbo, if is the angle between the two conies of the 
system (1), we have 

o-)(»- - .•)(»■ - .-) | 



'""i^^Ji!?^ 



M«--;.')ta' -«'■))' 



and eimilar values for the other two systems. 

213. If the normal at a point P of a conic of the system 
(4) in the preceding example touches the conic /i = a, show 
the locus of P is the bicircular quartic whose equation to 
rectangular axes is 

+ a' + 3aV' + c' = 0. 

214. If a conic of the system (3), Ex. 212, cut orthogo- 
nally a conic of the system (4) in the same example, show 
that the locus of their intersection consists of the two circular 
cuhics 

ex [x' + 1/^ ± ex - a^ - b'") ± a^a'" <= 0. 

215. If two conies of the system (4), Ex. 212, cut each 
other at right angles, show that the locus of thoir intersection 
is the hieircular quartic 

(3,^ + ff - (rt' + a'") x' - {b' + b") y" + a= a'^ + b^b"" = 0. 

316, Erom the foci of the fixed conies tangents are drawn 
to the systems of conies (1), (3), (4) Ex. 212 ; show that the 
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equations of the looi of their points of contiict are, reapec- 
tively, 

^ + ^ - 0, 

e^f + b^h'^ = 0. 

217. Normals are drawn from the fooi of the fixed conies 
to the systems of conioa referred to In the preceding example ; 
show that the loci of their feet are, respectively, 

x' -\- y^ - a'' - V = 0, 

(^ + ff - («' + c^') X- - {a^ + 6'=) f + «= a!' = 0. 

218. Normals are drawn from the centre of the fixed 
conies to the systems of oonica (1), (3), Ex. 212; show that 
the loci of their feet are, respectively, 

(«= + p^f - (a' + 6")a'= - {b' + l>'^) f + b'b'' = 0, 

{x^ + ff ^{a' + ^]^- («= + 6'=) f + cf «" = 0. 

219. Show that the locus of the vertices of the system of 
conies (4), Ex. 212, is 

{x' + ff - (a" + a'')ix' + ff + 2^f {^^ + f) 

+ a^a'^if + b'li'^p' = 0. 

320, Show that the loci of the vertices of the systems of 
conies (1), (3), Ex. 212, are, respectively, 

cV - c=«' {«' + d'}+ (fa"' [f + c^) = 0. 
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221. Tangents are drawn from the centre of the fixed 
conies to the systems of conios (1), (3), Ex. 212 ; show that 
the loci of the points of contact are, respectively, 

(a'a^y^ + b^b'^x?) (a^ + p^) - e*ifi/' - c^b'^x' = 0, 

222, If Xi, A3 are the roots of the equation 

where x, p, s are trilineaj' co-ordinates, show that the diiie- 
rential equations 



• |(J,-6)(X,-»)(i,-a)(A,-ffl)-v-l(X.-i)(X.-»j(A,-„j(A,-/j)| 



• ((A,-«)(X,-.)(i.-a)(A,^ffll-v/((X.-«)(A.-o)(X.-.)(i,-/3)| 



• l(X.-«)(A,-S)(A,-.)(A,-/3)i -v'l(X.-«)(Ar S)(X.-.)(A,-(3)) ' 

represent the three systems of conies having doutle contaot 
with the two fixed conies of the system (1), corresponding to 
the values 

X = a, A = 3. 

223. A variahle conic has douhle contact with two fixed 
conies ; show that its director circle cuts orthogonally one or 
other of three fixed circles. 

Also show that each of these fixed circles passes through 
the extremities of a diagonal of the quadrilateral formed hy 
the common tangents of the two fixed conies. 
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224. In the preceding example, show that the variablo 
director circle has douhle contact with one or other of three 
hicireular quartics, which reduce to cubies if one of the fixed 
conies becomes a parabola. 

225. A parabola has double contact with a fixed conic, 
and touches a fixed Hne; to find tho envelope of its directrix. 

Let tho tangential ecLuation of the fixed conic referred to 
its axes be 

rt=X*-i- jy- ,-'=0, (1) 

then aU^ + *>' - "' -^ ("^ + (^l-- + >')' = (2) 

represents a parabola having double contact with (1). 
Now, the directrix of (2) ia (Comes, Art. 294) 

2aj^ + 2/3y - {a' + ft' + a' + ji'} = 0, (3) 

and if (2) touch the fixed line h ^ my + n = 0, wo havo 

/a + m(3 + w ±v'(k= - aH'' - fhn") = 0. (4) 

But the envelope of (3), subject to the condition (4), is found 
to be 

which represents two parabolfe having douhle contact with 
the director circle of the fixed conic (1). 

226. In the preceding example, show that the locus of 
the foci of the parabola consists of two circular cubies with 
nodes (see Ex. 87). 

227. An equilateral hj-perbola has double contact with 
tho fixed conic 
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and passes through the fixed point x, y'; show that the locus 
of its centre is the hicireular quartie 

■ { aW {x^ -v if) - (ffi^ + ¥) {ii'xx' + a' yy) ] ^ 

~ [a' + b^){b'x'' + a'p"-aW)[bW + a'f)^0. 

228. Show that an infinite number of equilateral hyper- 
holte can be described to have double contact with the fixed 
conies whose equations to rectangular axes are 

a' 
a'i^ + b'p''-2(a'+b'){ax + i3y) + {aUb^)(a? + ^')+a'b' = (). 

329. An equilateral hyperbola has double conta^jt with 
the parabola y^ - imx = 0, and passes through the fixed point 
x', y' ; show that the locus of its centre is the conie 

(y'' - 'knx') {if'' -v \in^) - {yy' + 2vtx - 2mx -i- Am'f - 0. 
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XI.— EELATIONS OF A CIRCLE AJSD A COmC. 

2-iO. A circle iS intetseots a conic in four points ; to show 
that perpendiculars at these points to the radii veotores drawn 
from a focus are all tonehed by a circle S'. 

Referring the conic to one of its foci, ita polar equation is 

r(l + ecose) = l; (1) 

and if the equation of S is 

»-=-2r((. cos0+i3sinfl)+ k' = 0, (2) 

■we have for their intersection, eliminating r between (1) 
and (2), 

/= -3/(1 +eco8e){a cost* + psine)+F(l+eeose}==0, 

or P + F 4- {k'e^ - 2 lea) oos= 9 + 2 {k'e - /a) cos 9 

- 2/^ sin 9 - 2fe/3 sin co&9 = 0. (3) 

Now, the equation of the perpendicular to a focal radiua 
vector at its extremity is 



aud if this line touch the circle 

(.r-.r+(>,^PT-.--.o, 
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we must have 

{a 0030 + (i' siufl - r) {1 + e cosd) ~ I = 0, 

or I ■* r - ea eos'0 + (c/ - a) cosO 

-ji'&md-e(5'&m0ms0 = 0. (4) 

But it is easily seen that the relations (3) and (4) wiU coiu- 
cide if 

/a = 2/a - ek\ ii' = 2/3, Ir = k' ■ 

hence we see that, being given S in the form 

x' + y^ - 2ax - 2^>/ + k^ = 0, 

the equation of S' is 

Wo can also show in the same way that the lines bisect- 
ing the focal radii veotores at right angles are all touched by 
the circle 

Prom this we can readily obtain a proof of Ex. 19 ; for 
when the curre is a parabola, e = 1, and the cirde (5) then ia 
satisfied by the co-ordinates of the centre of S. 

231, If the circle S in the preoediag example cuts a fixed 
circle orthogonally, show that the circle S' cuts a fixed line 
under a constant angle. 

233, To show that the algebraic sum of the reciprocals 
of the common tangents of a circle and a conic is equal to 
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The equation of the conic being 

T + C-i-e. 

the equation of a tangent is 

xaosbt + y sinw -y'(tt'cos^<o + if ein'ujl = ; (1) 
then if p is the perpendicular ou this tangent from the fixed 
point jb', y', we know that — is the reciprocal of the common 
tangent of the conic and a circle whose centre is x', y', and 
radius p. Hence, considering the four common tangents of 
the conic and circle, p is the same for all, and we have 

But if we espresiS that the line (1) touches a circle whose 
centre is «', y', and radiue p, we get 

a^'cosui + y'sinoi - p - ^{a^nos^iu + 6^8iQ^tu)= 0; (3) 

and putting, then, ii"-'~'~z in this equation (iJ), it becomes 

I K- </-Al)r~ 2,,z + «'+ yV^l"- {cV + 2(o- + b-)^- + »■)- 0, 

or |(.'-i/v/^l)'-e<|!'+ . . . +(«•+!, V"!)'-"'-!), W 

from whi(*h we readily deduce that Sluj = 4$, ivhere 



hence, since ^w is independent of p, we see from (2) that 



If the circle touch the conic, by drawing two tangents to 
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tlie curve iudefinitcly near one another, we obtain the follow- 
ing values for the lengths of the common tangents t„ fe, 

t, = ^ {p - r) dO + ^ (} cot tpdd', 

;, = 1 (p - r) dO - ip cot <pdO\ 

where r is the radius of the circle, p the radius of eurvatui'e 
of the conic at the point of contact, and ^ the angle which 
the diameter of the conic at the same point makes with the 
curve ; hence, by proceeding to t)ie limit, in this case ■- ± 

, , , ^pcot* 

IS replaced by i'~'Z~h' 

233, To show that a circle meets a conic at angles the 
sum of whose co-tangents is equal to zero. 

If a circle of fixed centre und variable radius r meet the 
cuarve at an angle 'p, we liave 

cotti = - ,--, 
dr 

whoro ui is tiie angle which the radius makes with a fixed 

line ; hence, for the four points of intersection, since ;■ is tlio 

same for all, 

:£.cotiP ---'-- -^lo. {1} 

But since a pair of chords of intereectiou of the conic and 
circle are equally inclined to an axis of the conic, it easily 
follows that S(.i is constant; hence, from (1), 
2 coti^ - 0. 
If the cu'cle touch the conic, the sum of two co-tangents 

must be replaced by -, ~^^, where r, />, (f, have the same 

mciiiiiug as in the iircccding example. 
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234. If S is the sum of the equaros of the lengths of the 
sis ohorda of intereeetion of the conic 

and the circle 

(«-«)' + (,»-/3)'-r'.0, 
to show that 

Eliminating 1/ hetween the equations of the clrelo and 
conic, we ohtain 

c'x' - iaVaifi + %a' { (3a= - V) a' + (1' + b^] (5^ 

~<^V+6Vj3;'+ ... =0, 

■where 0'= a" - V'; hence from this equation we have 

e'2 {x, - a;,)= = 16a^{b'^ ~ {a" + 6') 0= + cV - 6=e=} ; 

and similarly, by eliminating a:, we ohtain from the equation 
in)/ 

hence S = Si(a:, - ^k,)' + (y. - y,)'} 

= 16 {,--21^1]. 

235. If 2 is the sum of the squares of the lengths of 
the sis chords of intersection of a circle and the parabola 
y' - px = 0, show that 2 = 4 (§^ - p'), where 8 is the intercept 
which the circle makes on the axis of the parabola. 

336. To find the sum of the angles (s) at which the circle 
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cuts the conic — + --1 = 0. 

a' Ir 

If Sfti and S9 are the sums of the angles which the tan- 
gents to the conic and circle at their intersection make, re- 
spectively, with the axis of x, we have 

s = 2<^ - 26. 

But since a pair of chorda of intersection of the conic and 
circle are equally inclined to the asia oi w, S6 = ; therefore 

. - 2». (1) 

But substituting the co-ordinates of a point ou tlie conic 
[ in tho form 



j,.- 



v^(a'o08'tu + 6'sin'«i)' -/ a^ otys" w + l>- sin' /.>) 

in the equation of tlie circle, we get 
(o'(ii= + F) oos'o, + S' (S" + t') sin" u|' 

- 4(o'o cos,» + S'/3sina.)'(o"cos"m + S'ain'o)). 0. (2) 
Putting, then, i^'-'' = s in this equation (2), it becomes 
ie' (o' + S' + ff - i (o'a + b'li y-I)'|s' + . . . 

+ «' (<•■ + S" + *■)'- 4 (n'a - 6-py^)' - 0, 
from which we obtain 

.':;i. _ "'.!"' +'' + *')'-'' (»V - yg') +8«;*_'o/3,/-l . /3> 
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hence from (l) aud (3) we bave at once 

Sa'byii 



" r Of + it' + fc'f - 4 (((V - h'ti')' 

237. If a is the sum of the angles at which tho circle 

cuts tho parabola ^^ - 4mx = 0, 

show that tan s = ,-7, — 7: — — — rr— ., : 

/,■- + 2ma - om 

hence also show that when s is given, the cii'cle cuts orthogo- 
nally a fixed circle having its centre on the directrix and 
passing through the focus, 

238. To find the equation which determines tho lengths 
of the perpendiculars from the origin on the common tan- 
gents of the circle 

(^-■,)'+(j,-/3)'-,-.0, 

and the conic — + 7-. - 1 - 0. 

a' If 

Expressing that the tangent 

xooBu) + y siniu - ^(a'cos'w + i'^sin'-uj] = 
of the conic touches tho circle, we obtain 

a cosbt + (3 eiuiu- {p + ?■) -^ 0, [1) 

where p^ = a' cos'iu + b'' siu'^ui. (2) 

But from (3) wo have 

ccosiu =\/{p'' ~ S'), fsinc.) - \/{'i' - p"i\ 
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hence (1) becomes 

. v/(?' - *•) + /3 •(«■ - y') - « (n + ••) - 0- (3) 

Oleajing, then, (3) of radicals, we have the required equation. 
From this result we find thai the product of the four perpen- 
dieulara is equal to 

P P 
where p, p' are the distances of the centre of the circle from 
the foci. We find also that the algebraic sum of the perpen- 
diculars is 

pp 

239. If A is the area of the triangle formed by the 
centre of a conic and the points of contact of a common 
tangent of the conic and a circle, show that 

A = ^ p/)' fiin I a sin 1 /3 sin | y, 

where p, p are the dietances of the centre of the circle from 
the foci of the conic, and a, jj, y are the angles which tho 
common tangent makes with the three other common tan- 
gents. 

240. Show that the product of the lengths of the common 
tangents of the circle 

(>.-.)>+(j-P)>-.-".0 

and the conic — + -7^ - 1 = 

a' 

i. „„.i ,„ ._ (/.■■-/..■)'(*■■-/■■•)'(/.■■ -j,-)^.. 



■•(«'ff-SV)l(«'|3' |. SV)- 
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where h^, /;/, h^ are the roots of the equation 



V - }f 



. 0. 



241. Show that the product of the lengths of the common 
of the circle 



(a, _ ,)' + (J, _ p). - ,. . 
and the parahola y^ ~ px: = 

18 ecjual to ip^ {k, - kif {ki ~ k^y (fj - ^'i)', 

where A„ k^, /c, are the roots of the equation 

iin'k' + 4m (a + m) K' + (;■= + 4ma -\y)k + r' = 0. 

242. To find the angles at which a circle cute a conic in 
terms of the angles which their chonfe of intersection make 
with an axis of the conic. 

The equations of the conic and circle referred to trilinear 
oo-ordinatea being written 

l^y + mya^na^=0, ^y ^m A -v yiwiB + a^sinC = (i, [1) 

where a, p, y are the sides of a triangle formed by their 
intersection, the tangents to these curves at a, (3 are 

l^ + ma = 0, ^s,mA + amiB=(i; (2) 

and if ^ is the angle between the Hnes (2), wo easily find 

cot ^ = sm C ' ■ ,, ^^'. (A) 

But substituting 



^coa)3 + ,i/sin^ -/h, 
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for o, /3, y, respectiveiy, m Ijiy + mya + no/3, and equating 
the result to 

we ottain, by comparison of the coefficients of x', p' and xr/, 
/{a'c03)3 cosy - S^Binj3sinY) + m {a^ cosyoosa- 6°sinaBiny) 
+ B (a' cos a cosji-b" sino 3in)3) = 0, 

I sin + 7) + 'M sin [y + a) + n sin {a + (i) = 0, 

from which we may assume /, m, n, respectively, proportional 
to 

(a'eos'a+ i'^'sin^a) sin {|3 -y), (H'coa'/3 + b'' sin' 3) sin (7 -a), 
(a' cos' 7 + A' sin'' 7} sin (a ~ (5); (4) 

hencQ, substituting these values (4) in (3), and putting for 
A, B, C their values in terms of o, /3, 7, we obtain, after some 
reductions, 

„,^ 2y+^{sin'a + sin'j3+sin-7-sinM« + P-7)l ,., 
'^^'^ 3c^ sin (7 - a) sin (/J ~y) sin {aTW~' ' ^ 

Since the pairs of chords of intersection of a conic and a 
circle are equally inclined to an axis of the conie, we obtain 
the expressions for the other angles of intersection by chang- 
ing the signs of a, j3, 7 in (5). The most symmetrical ex- 
pression is obtained by altering the sign of 7 in (5), when 
we have 

_ 2V + c'jsin ' a + sin'j3 + sin' y - sin' (a + ^ + 7) | 
•^^^^ " 3c'8i^+/3)sinO + 7) sin (y + a) '■ ^^> 

If we put (1 = /3 = 7 in (t>), we obtain an expression for 
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the angle at which the osculating circle at any point of a 
oonio cute the curve again. 
Por the parabola we have 



2 sin (a + ii) sin Qi + y) sin {y + a) 

From the expre^iona obtained above for tho angles of 
intersection of a conic and a circle we can easily verify the 
theorem of Ex. 233. 

243. Let 

then, if iSS' + iX {6V + a'p' - «Vr) 

breaks up into two circles, show that A is determined by 
the equation 



/3' - A«= 0^ - A i<z' - b') 

244. Show that the product of the perpendiculars from 
the origin on tho tangents to the conic 

at tile poiots of iutersoctiou with the circle 
t' *f- - 2a - 2/3j I- e . 

isoqmltu 7(FVtfj' 

■where f-f {a- 1 !•' J //')' - 4 (oV - J')"). 
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245. lip is the perpendicular from the centre of a conic 
at a point of intersection with a circle, and ^ the angle under 
which the conic and circle cut at the same point, show that, 
taking the four points of intersection, 

246. If four tangents to a conic are aU touched hy a 
circle, ehow that their points of contact are situated on a 
conic having douhle contact with the director circle at the 
points where it is intersected hy the polar of the centre of 
the circle with regard to the given curve. 
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247. To find the equation of the circle described on a 
chord of a conic as diameter. 
Let 

^ + ^-1 = (1) 

be the equation of the conic, and 

lx + mi/~l=^0 (2) 

that of the chord. 

Now, the equation of the circle desoiibed on the line 
joining the points x, ^i, Xi pi, as diameter, is 

x' + p^ -(Xi + Xi) a: - [j/i + »/i) p + x^x^ + y.y, = 0, 
or, in terms of the eccentric angles a, /3 of two points on the 
conic (1), 

.ip- + if - a (coso + eoapj !£ -h [sina -i- sin /3] ?/ 

+ «^C08ncos/3 + 5^sinasin3 = 0- (3) 
But, comparing 

-eos^(a + /3) + |sin-l (a + P) - cos^ {« - P) = 
with (2), we obtain 

cosi (« + i3) = al cosi (« - J3), sin^ (« + 0) = hm cos^{a - /3) ; 
heneo (3) becomes 

{(i^/' + b^m'){x'' + if] - 2a^h - 2i'mt/ + o^ + i' 

- ri=i= [P v nf) == 0, (4) 
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By writing (4) m the form 

we aee that the circle meets the conic again on the line 

,,-„,JlJ-p.„. (5) 

248. Writing the equation (4), in the preceding example, 
in the form 

{a;-/ffl'f + {S'-m6f+(a'J' + JW-l)(^ + ?/-«'-*=} = 0,(1) 

we aee that this circle never meets the director circle in real 
points, except in the ease when it touches it. It also foUowa 
from this equation (1) that the pole of a cliord is a limiting 
point of the director circle and the circle described on the 
chord as diameter. 

If we seek the length i of a common tangent of the 
director circle and the circle (4) in the preceding example, 
we easily find 

(.•((«■ + »■)(!- »■;• - tw) I ± « tv/^v/F + «.■). 

• (oV + »■»>) 

hence, being given the sum or difference of the external and 
internal common tangents, the chord is either parallel to a 
fixed line, or touches a concentric, similar, and similarly 
aituated conic. Also given the product of these common 
tangents, the envelope of the chord is a concentric oonie ; 
and given their ratio, the envelope is a coufocal conic. In 
all these cases, of course, the given conic is a hyperbola. 
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249. The circles of the system (4), Ex. 247, touch the 
given conic; show that the envelope of the chords is 



250. Show that the circles described on parallel chords 
of a conic as diameters have douhle contact with a fixed 
conic. 

251. If we express that the circle (4), Ex. 247, cuts 
orthogonally the circle 

^ + ,f-2ax- 2^^/ + k' = 0, (1) 

we obtain 

,i' [k' - b-] V + S' (/■' - u')m' - 2d'al-2V'iiin -i a' -\- U' = 0, (2) 

showing that the chord in the same case touches a fixed conic, 
of which (2) is the tangential equation. If we have 



y" - P h- 



\-f/, 



the conic (2) breaks up into two points. 

Now this relation (3) is the condition that the circle (1) 
should be the polar cu'cle of a triangle formeii by two tan- 
gents and their chord of contact (see Ex. 79, (2) ), 

If I, m are the co-ordinates of the line joining the two 
points into which (2) breaks up, we have, by differentiation, 

(^.= - 6=) / = a, [l' - a') m = /3, ki'a + mb'ji = a' + b' ; (4) 
and if we put I ^ -, tu '^ jt. 
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in these equations (4), where x, ij are the co-ordinates of the 
pole of the line, we find 



These values of a, /3, l^ (see Ex. 78, (1)), show that the circle 
(1) is the polar circle of the triangle formed hy the tangents 
fiom a;', / and their chord of contact. Thus we see that if 
the eirele described on the chord as diameter cuts orthogo- 
nally the polar circle of a triangle formed by the tangents 
from a point F and their chord of contact, then the chord 
will pass through one or other of two fised points lying 
on the polar of P- 

If iFi, j'l are the co-ordinates of one of these points, the 
co-ordinates x^, yi of the other are 

ffl' -4- h'' r,.' 11,^ ' ' li? + )r X? 11?' 



and the two points are reciprocally related. 

252. Kor the ettuilateral hyperbola x' - y^ - a- = ^ the 
equation (4), Ex. 247, becomes 

[P - m'){ar + /) -2h + 'Zmy + «= [l- + m^) = ; 
hence, if two circles of this system cut each other orthogo- 
nally, we get 
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wMch breaks up into the factors 

W - mm' = 0, W - mm - a^ = 0. 

In the first case, the chords are rectangular, and in the 
second case, conjugate with respect to the curve. Thus we 
see that circles described on conjugate or rectangular chords 
of an equilateral hyperbola, as diameters, cut each other 
orthogonally. 

253, Show that the circle described on the chord lx\ iny-\=^ 
of the eq^uilateral hyperbola «" - y' - a^ = is the polar circle 
of the triangle formed by the tangents from the point y, — 
and their chord of contact. 

254, Show that the circle described on a chord of an 
equilateral hyperbola as diameter meets the curve again 
at the extremities of a diameter of the curve. 

255, If the circle 

a.'+/-2aa:-2/3?/ + S= = 
passes through the extremities of a diameter of the conic 

«' If 
show that o= {\ + ^'1 + P' [\ -I- ^^^ = 0. 



256. Through two points .^, ^ on a conic U a circle S is 
described, whose radius is equal to the semidiameter of U 
parallel to AB ; show that two common tangents of 8 and U 
are parallel to one another. 

257. Through a pair of points A, B on the ellipse 
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two circles are described to touch the curve elsewhere ; show 
that their points of contact are at the extremities of a 
diameter, and that, if )■, / are their radii, and fi the dis- 
tance between their centree, 

where b' is the length of the semidiameter parallel to AB. 
Show also that the length of their oommon tangent is equal to 

where d is the length of AB. 

358. Show that the angle between the two circles re- 
ferred to in the preceding example remains the same if the 
chord AB always touches a fised concentric, similar, and 
similarly situated conic. 

259. Through a pair of points on an equilateral hyper- 
bola two circles are described to touch the cnrve ; show that 
their radii are both equal to the semidiameter to one of the 
points of contact. 

260. Through two points on a hj^erbola two circles are 
described to touch the curve elsewhere ; show that the sum 
of their radii is equal to the length of the diameter conjugate 
to that passing through tho points of contact. 

261. A circle S is described through the points where the 
line 

i, + »j - 1 . (I (1) 

meets the conic — + '7^ - 1 = 0, 

a' Ir 

so that these points subtend an an angle ^ at the eireum- 
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ference ; aliow that S meets the curve again at poinls lying 
on the line 

{a' - h') {h - my) - [a^ + b^) - lab cot ^ y {a'P f fi=/»' - 1) = 0. (2] 
262. If, in the preceding example, one of the points 
where the line (1) meets the curve is fixed, show that the 
line (2) pae.ses through a fixed point on the conic 

x' 'f _ [a^ + li'f + 4 ft" 6° cot' ^ 

If the line (1) touches a concentric, similar, and eimilarlj 

situated conic, show that the line (2) will touch another one. 

265. A circle S passes through the centre of tlie conic 

~ + ^-l -6^-0; 

show that the product of the perpendiculars from the centre 
of ^T" on a pair of chords of intersection of S and U is equal 



264. A circle touches two fixed tangents to a conic; show 
that a pair of ite chords of intersection with the conic are 
parallel to given lines, 

265. A circle passes through two fixed points on a conic; 
show that the extremities of one of the diagonals of the quad- 
rilateral formed hy the common tangents of the circle and 
the conic He on a given eonfocal conic. 

266. Tangents are drawn from the point whose elliptic 
co-ordinates are /i, v to tlie ellipse 
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show that tJiG eijuation of one of the circles touching the our?e 
and these tangents is 

x' + f - 2- Px-^ ^{c-' ~ v^'jiaP -c^)i/ + v^ - a' - c' + 2aP = 0, 

,.hore p. -V^(^;^ 4;j±^, «=-S^ = ,^ 

(see Ex. 44, (6)). 
Hence show that if the intersection of the tangents lies on 
a confocal ellipse, the locus of the centre of the circle is an 
ellipse. 

267. A oirole S cuts the circle S = x- + ;/- - k' = ortho- 
gonally, and touches the conic 

V = ax^ + bi/^ + 2hxy + 2gx + 2/;/ + c = ; 

show that the equation of the reciprocal polar of the locus of 
the centre of S with respect to S is the trinodal quartic 

268. Through the four points on the conic 

« o' 

whose eccentric angles are a, (3, - a, - (i, a circle is described ; 
if d is the angle subtended by a, /3 at the centre of the circle, 
show that 

tan|6 ="7 tani(a- (5). 

269. A circle S deaoiibed on a chord of the equilateral 
hyperbola x' ~ y^ - a^ = as diameter cuts orthogonally the 
circle 

x- -h !/■ - 2(,,(; ~ 2^y + A- = U ; 
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show that the locus of the centre of S is the nodal cubic 
2 {ax + li,j) ix' - f) - («= + ¥) x^ - {if - ¥) t = 0. 

270. A circle 8 described on a chord of the parabola 
i/^ - px = aa diameter cuts orthogonally the circle 

show that the locus of the centre of S breaks up into two 
parabol^e. 

271. PP^, QQ' are fixed chords of a conic parallel to an 
axis of the curve ; if a cirde through P, f intersect a circle 
through Q, Q' on the curve, show that the distance between 
their centres is constant. 

272. A conic passes through two fixed points and touches 
two fixed lines ; show that the envelope of the director circle 
consifiis of two nodal bicircular quartics, the node common to 
each being the intersection of the fixed lines. 
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273. To find tho condition that a oonio Si should circura- 
ecribe a triangle A, whose reciprocal triangle with regard to 
S is self -con jugate with regard to S,. 

If we take the reoiprooal conio of Ss with regard to S, this 
conic must have the triangle A for a self -eon jugate triangle, 
and, therefore, satisfy an invariant relation with Si. Refer- 
ring the conies to the common self-conjugate triangle of S 
and St, we may write 

S.,r- + / + .■, 

Si = ax' + hi/'' + cz^, 

«.-(«', 5', "■,/,/,*')(»■, y,=)', 

and the reciprocal of Si with regard to S is then 

{J', B', C, F', G', JI')(x, y, zy = 0, 

where A, B, &o., are the coefficients in the tangential equa- 
tion of Si. The required condition is then found to be 
(Conies, Art. 375), 

aa^bb'+cc=0. (1) 

But if 9ii„ Ssjii, OiB, are the coefficients of in', mn'', Imn iu 
the discriminant of 

«i + mS, + hS, 

01,, = « n h + e, Gaj = a' + I! + e! , 
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hence, from (1), 

e„Gi„ = Ae,„, (2) 

where A is the disorimiuant of S. This condition (2j is 
symmotrical between the coeffloients of Si and S,, and, there- 
fore, when it is satisfied, it follows also that triangles can he 
inscribed in S„ whose reoiprocals with regard to S shall bo 
self- conjugate with regard to 8,. 
If S, and Si are the circles 

Si^T^^ p^ - 2a.,x - 2152,'/ + /■=■', 
and S is the conic 



the condition (2) gives 

A-,= h' ^ 2 (a=a,a, + 6'fi,li,) + «' + i' = 0. (3) 

Since a self -conjugate triangle is its own reciprocal with 
regard to a conic, it follows that the polar and circumscribing 
circles of such a triangle are connected by the relation (3). 

The same relation will also connect the polar and circum- 
scribing circles of a circumscribed triangle A with the cir- 
cumscribing and polar circles, respectively, of the triangle 
formed by the points of contact of the sides of A ; for these 
triangles are evidently reciprocal with regard to the curve. 

274. If in the preceding example the conic 8 and the 
circle 8i are fixed, show that the circle S^ cuts orthogonally 
the fixed circle 

J,','{il^ + p')--2a'a,x-2b^ji,y + (i*-^ h' = 0. 

275. Show that the intei'section of the perpendiculars of 
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a triangle formed by three tangents to an equilateral hyper- 
bola and the centre of the circle passing through the points 
of contact of tho tangents are conjugate with respect to the 
curve. Show also that th> centre of the circle circumscribing 
the first triangle and the intersection of the perpendiculars of 
the second are conjugate with respect to the curve. 

276. If we suppose the conios 8i and 8% in Ex. 273 to 
coincide, we see that if a conic U be such that an inscribed 
and a eelf- con jugate triangle are reciprocal with regard to a 
conic V, we must have 

e' = 2AQ\ (1) 

where Ak' 4 BA-' + Q'k + A' (2) 

is the discriminant of V + kV. The relation (1) expresses 
that the sum of the squares of the roots of (2) is equal to 
nothing. In this case, therefore, the conies U and V cannot 
intersect in more than two real points. 

277. In the same way as at Es. 273 we can find the 
relation which must exist, if a conic 8, touch the sides of a 
triangle whose reciprocal with regard to 8 is self- con jugate 
with regard to Si. This relation is Osu ©jm = <I>, where * is 
the invariant which corresponds in tangential co-ordinates 

to e„a. 

278. If the eonic Si circumscribe one triangle and iSj 
another, and if tliese triangles are reciprocal with regard to 
a conic S3, we find, with the notation of Ex. 273, 

(e,aj 0,» - A0,i3>= = 4i' (Gaii ea== - *). 

279. If we suppiMe the conies S\ and St in the preceding 
example to coincide, we obtain the condition that a conic U 
slioidd circumscribe two triangles which are reciprocal with 
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regard to a (sonic V. This condition breaka np into the 
factors 

e = 0, (1) 

e' - 4A6©' + 8A'A' = 0. (2) 

The condition (1} only relates to the ease when the tri- 
angles coincide and become self- conjugate with regard to V. 

It may be observed that when (2) is satisfied it is possible 
to eiroumsoribe about V an infinite number of quadrilaterals 
■which have the estremities of two of their diagonals on U, 
and we can see how this is the case ; for, if we suppose two 
sides of the c[uadrilateral to coincide, it will become a triangle 
formed by two tangents of V and their chord of contact, and 
such a triangle is its own reciprocal with regard to V. 

280. If t is the length of the tangent drawn from the 
centre of an equilateral hyperbola to the circumscribing circle 
of a triangle whose area is A, and t', A' are the correspond- 
ing values for the reciprocal triangle, to show that 

d"" a'' 

Since the polar oi the point x', if with regard to the 
equilateral hyperbola x^ - i/ ~ a? = is xx' - yy - a' = 0, 
and with regard to the circle «' + y" - «' = is xx' + yy' -a' = 0, 
it follows that the reciprocals of a given triangle with regard 
to the hyperbola and circle are their mutual reflections with 
regard to the axis of x. It follows then that if the relation 
stated above is true for a circle, it will also be true for an 
equilateral hyperbola. 

Ijet »iy,, ^aj/s, Xiy3 be the co-ordinates of the vertices of 
one of the triangles, then we have {Conm, Art. 94), 

2Af = S («,!/, - y,x,) {a^,' + y,') = p^p.p, Sp, sin (0, - 6^), (1) 
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transiormiBg to polar co-ordinates ; tut if the circle ia 

x' + if-n^ = 0, p, = — , &o., 0i=i.i„&c., 
for the reoiprocal triangle ; hence (1) gives 

2Af = —^ — - SPjW, sin (o-j - m.). (2) 

Now S/^iPs sin((yi-(if!) isoqnal to ^-7T7^-(i'';thus(2] become 

2lf^ -1'' ^1. (3) 

Again, we have 

Henee, eliminating {^ip^p^ between (3) and (4), we obtain 
the relation given above. 

281. Let pi be the lengths of the tangents drawn from 
the centre of a circle or ec[uilateral hyperbola to the polar 
and nine-point circles, respectively, of a triangle whose area 
is A, and lefc p', n', d' be the corresponding values for the 
reciprocal triangle, then show that 

'' =2^P'' '• =2A^^- 

282. If two triangles are inscribed in a circle so as to be 
polar reciprocals with regard to an equilateral hyperbola, 
show that their areas are equal. 

283. Let lines drawn from the centre of a conic to the 
vertices of a triangle whose area is A meet the sides of the 
triangle in L, M, K; if the area of the triangle LMN is 



y Google 



158 RECIPKOGAI. TillAXGLES. 

equal to A, and A', A' are the corresponding values for tke 

reciprocal triangle, to show that t- = T>' 

Let x,i/„ x^y-i, x^y^ be the vertices of one of the triangles ; 
then if a is the angle between the polara of x^ */„ x-i y^ with 
regard to the conic 

^ + C-i-o, 



I {».!/. -Ji'.); 



therefore, from [1) and (3), 
2iJ' sin op,, 



(3) 



A' A 

Henee, if xy^, 'x'ij%' are the areal co-ordinates of the origin 
with regard to the two triangles, we have, from (3), — = — „ 
and by symmetry for the other sides, 



A A' A A'' 
Now it can he shown that 

2A«(/j! , 2^'x'ijz' 



(4) 



4 ^^^:)^ ..^ 

hence, from (4) we have 
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284. If two triangles, reciprocal with regard to a conic JJ, 
are such that their centroids arc conjugate with respect to F, 
show that a conic circumscribing either triangle, bo that the 
tangent at each vertex is parallel to the opposite side, will 
pass through the centre of JJ. 

285. Two triangles, polar reciprocals with regard to an 
equilateral hyperhola, are such that their circumscribing 
circles pass through the centre of the hyperbola ; show 
that they are similar to one another. 
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XIV.— MISCELLANEOUS EXAMPLES. 

286. A series of conies are circumscribed about a 
fixed quadrilateral ; to show that the envelope of their 
director circles is a bieircular quartio, of which the inter- 
sections of the diagonals and opposite sides are foci. 

Since the locus of the centre of the variable director circle 
is a conio passing through the intersection of the diagonals 
and opposite side of the quadrilateral, and since it also cuts 
orthogonally the circle passing through the same points, its 
envelope is a bieircular quartic, of which the intersection of 
the fixed circle and conio are foci. The fourth focus of the 
quartic, it is es^y to see, is the centre of the equilateral hyper- 
bola which eircuTuscribes the quadrilateral. 

Wc may obtain thk result analytically, as follows : — 

Let the equation of the conio referred to the fixed self- 
conjugate triangle be 

?a= + )»i3' + nf = ; (1) 

then the equation of the director circle is (Conies, Art. 383) 

9nn [fi' + y' + 2/37 COS^) + nl{_y' + a' + 2ya COS i?) 

+ Im {a- + /3' 4- 2a|3 cos C) = ; 

or, it pi, fh, fii denote the distances of a point from the ver- 
tices of the triangle of reference, 

mn sin' Api^ + nl siii'Bpi^ + lin sin' fpi" = 0. (2) 



y Google 



MISCELLANEOUS EXAMPLES, 161 

But if o', (3', 7' are the co-ordmates of one of the vertices of 
the quadrilateral, we have 

lo!^ + m^'= + nj'^ = 0, 

and the envelope of (2), eubject to this condition, is 

a' sin Ai>, + i3' sin Bp-, + 7' sin Cp-, = 0. (3) 

If we suppose one of the points to go off to infinity, we 
see that if a conic pass throngh three fixed points, and have 
an asymptote parallel to a given line, the envelope of its 
director circle will be a circular euhic. 

287- A conie is described through the intersections of the 
diagonals and opposite sides of the quadrilateral referred to in 
the preceding example, so as to have a focus on the hicircu- 
lar quartic ; to show that its corresponding directrix will pass 
through a vertex of the quadrilateral. 

From (3), in the preceding example, the focus of the 
conic satisfies the relation 

a sin Api + (3' sin Bp^ + 7'/),, sin (7 - ; 

but p„ pz, p% are evidently proportional to the perpendiculars 
p,, j3j, pi on the corresponding directrix ; hence we have 

a 5YixAp, + (3' sin Bpi + y sin Qj, ^ ; 

but this is evidently the condition that a line should pass 
through the point a, 0', 7'. 

288. Ten pairs of circles are described through sis points 
on a conic ; to show that the middle points of the centres of 
these paira lie on a line. 
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Let the equation of the coaic be 



and let r},„ $2, &o,, be the eccentric angles of the six points; 
then, if w„ i/„ x^, y^, are the eo-ordinates of the centres of the 
oireles passing through the points 0i, ^5, ^j, and ^41 ^si 0c, re- 
spectively, we have, from (H), Ex. 1., 



jij = -j- jeos^i-i 



s(0, + ?.. + 0.)j, 



-■(sin 01 + sin^i + einip, - sin(^, + 02+ 0j) , 

- jC0S^4 + COS^jl- COSi^B + COS (^1 -V 03 + 0(i)[. 



hence, if ic, 2/ are the co-ordinates of the middle point of 
iKi yi, x% yi, we have 

x= J^(P+2cosscos«), (1) 

? = -|^(Q-2einscos6),' (2) 

where P = Scos0, Q = 2ein0, 2s=ii:0, 

and 01 + 0! + 0j - 01 - ij>fl - 06 = 20. 

Eliminating, then, between (1) and (2), we obtain the 
equation 

a:BfiinB-/»;/coss--|-c'{Psins+ Qcosb) = 0. (3) 
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But this evidently represeata a line which is the same for 
every one of the ten pairs of circles. 

289. Ten pairs of triangles are formed by six points on a 
conic; show that the middle points of the intersections of the 
perpendiculars, or centres of the nine-point circles, of the 
pairs of triangles lie on a line. 

2yO, Four triangles are formed by four points om the 
conic 

a b' 
show that the centres of the circles circumscribing these 
triangles lie on the conic 

[iax - c'Pf + [Uy + e' Qf = 4c' sin' s, 
where P= 2 cos0, Q = Ssia<p, 2« = S^, 

^1, &e., being the eccentric angles of the points on the curve. 
291. To find the equation of the equilateral hyperbola 
passing throiigh four points on the conic 

a' 'f 
If (fi is the eccentric angle of any point x, y on the curve, 
we have 

* " %t ' ^~ 2t y~i' 

putting e*'"' = t. Substituting these values, then, in the 
equation of the equilateral hyperbola 

^ - y' + 2/i«y + 2gx + 2fp + c = 0, 
we get 

+ i{(/a-i-/by^'ii+a'+l>'+2haby^=0. 
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From the absolute term of this equation we obtain 

2/«ii = (a? ¥ f) tan s, 
where 2s = 2$ ; 

and from the coefficients of t' and t we find 

4ffa-- '-^-^{Pcoss+Qsins), 

ifO = _ {^±3 (Psins - QeoBs), 
coss ^ 

where P = Scos$, Q^Ssin^. 

Also, from the coefficient of f, we hare 

2c ^~ (a' - m + ^^±3 Ti, 

^ ' cos -5 

where P = 2 cos ^ (0, + ^j - ^j - ^i) ; 

hence, finally, the equation of the equilateral hyperbola is 
2a6ooBs(Mr'-!/^) + 2((i° + 6^}sins^^-6{ffl° + 6°)(Pcoas + Qsins)« 
- a {(? + W) (P sin s - Q am^)y - ah [d' - !>') coa s 
+ ab {d + i') P = 0. 
292. Pour tangents to the conio 

a' b' 
are drawn at the points whose eeeentric angles are $„ &o. ; 
show that the tangential equation of the parahola which 
touches these tangents is 

a'{P + coss)\' + S'(P - C09s)/»' + 2ah sinsA;:^ 

+ a (P cosA- 4 Q sin s) vX + b(F sins - Q coss) fxv = 0, 
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where P, Q, R, s have the same meaning as in the preceding 
example. 

293. A quadrilateral is formed by four tangents to the 
conio 

show that the equation of the line passing through the 
middle points of the diagonals is 

- (P sin s - Q cos s) - ^ (P 003 « + Q sin x) = 0, 

where P, Q, R, s have the same meaning as in P'x. 291. 

294. Given five points, to show that there exists an equi- 
lateral hyperbola, suoh that the centre of the circle passing 
through any three of the points is the pole, with regard to 
the hyperbola, of the line bisecting at right angles the line 
joining the remaining two points. 

Let 

pi' = (■*• - ■^;)' + (.'/ ~ .'/i)% 
then the equation 

s'jiiJi'-O (1) 

will represent an equilateral hyperbola, provided we have 

2/i = 0, S/ia^i = 0, 2%i=0, S^i («i' + ?//) = ; (2) 

for these are the relations which we obtain if we express that 
the coefficients of 

{x' + ff, x{x' +!/'), y{'J:' + y'), 

and the sum of the coefficients of x- and y' in (1) vanish. 
Now, when the relations (2l are satisfied, we have also 
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and then it is esisy to fee that (1) can he written in the form 

2\hai-0, (4) 

where oi = pi' - p^', an = p^ - pa'i &o. ; 

and, from (3), S^6oi = 0- (5) 

But when the curve is written in the form (4), we see from (5) 
that the pole of the line a, = ia fotmd from the equations 

<,,.„..<.,. (6) 

Now the line a^ = hiaoets at right angles the line joining 
the points Wti/t, x^y^, and the equations (6) represent the 
centre of the circle parsing through the points ic,^,, jfjJ/j, 
fiyz; therefore, &c. 

If the given points are taken on the conic 

the asj'mptotos of the hyperbola are parallel to the axos, and 
the co-ordinates of its centre are given hy the equations 



where P = S cos i/., Q - S sin <p, 2s = S$. 

295. Find the equations of the parabola and equilateral 
hyperbola having closest contact with a conic at a given 
point (see Bs. 291, and Ex. 292). 

Also show that the locus of the centre of the hyperbola is 
the inverse of the curve with regard to its director circle. 

296. A conic passes through four fixed points on a cirde ; 
to find the locus of its vertices. 
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Let V^x' + y'-k'^i) 

be the equation of the circle, and 

U^ax^ -v hy"^ + 2gx + 2/^=0 

that of one of the conies passing through the points ; then 

f7"+Xr=0 (1) 

represents any oonio of the eystem. Now the equations 

«^ + J/ + \.r ^ 0, (2) 

Syf/+X2/ = CI, (3) 

represent respectively the axes of (1) ; hence, eliminating X 
between (1) and (2) and (1) and (3), we get 

{a-h)xif + g{y' -x^) -2fxy -¥[ax + g) = 0, (4) 

{a - b) ^y +f{f - <c') + 2gx!, + W {by + /) = 0. (5) 

These two cnbios evidently paas through the four points, 
and also through the intersections of the diagonals and oppo- 
site sides of the quadrilateral formed by these points ; for it 
ia easy to see that the equations (4) and (5) are satisfied, if 
we have 

«x + g ^ by + f _^ _ i9^J^M^ . 
X y ii' 

but these are the equations which determine tho common self- 
conjugate triangle of U and V; therefore, &c. 

It may be observed that the cubioa (4) and (5} out each 
other orthogonally at their seven finite points of intersection 
which we have found above. 

2S)7. Two conies U and Fare inscribed in the same quad- 
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rilateral ao that a foous of C coincides with the centre of V; 
to show that the points of contact of V with the sides lie on 
a circle. 

Let i!' + I' 1 = 

bo the equation of V, then 

is the tangential equation of XF; for this represents a conic, 
of which the origin and tlie point x, / are fooi. Now if we 
espress that the tangent of Y represented hy 

-eose + |sme-l = (1) 

touches F, we obtain 

1 cos (* - 

But this equation (2) shows that the point of contact 
rtoosO, J sine of (1) lies on 

which represents a circle passing through the points where 
the polar of the second focus of Xf meets the director circle 
of V. 

298. If the two conies described through a point P to 
touch four fixed lines cut orthogonally at P, to show that P 
lies on the circular cubic which is the locus of the foci of the 
conies touching the lines. 
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If from any point P tangents are drawn to the system of 
conies inscribed in a quadrilateral, they will belong to a sys- 
tem in involution of which' the tangents to the conies of the 
system which pass through P are double lines (Conies, Art. 
5!44) ; but since, in the case we are considering, the latter pair 
of lines are at right angles to one another, it follows that the 
tangents from P to one conie of the system must pass through 
the circular points at infinity, or, in other words, P must be a 
focus of that eonic ; therefore, &c. 

In a similar manner we can show that the two parabolse 
desoribed through any point P of the circumscribing circle 
to touch the sides of a triangle out each other orthogonally 
at P. 

299. Two conies are described through a point P to touch 
the lines A, B, C, 1), and two more to touch the lines 
A, B, C, E. If the tangents to these four conies at P have 
a constant anharmonie ratio, show that the locus of P is a 
eonic touching D and E. 

Also show that, if the ratio becomes a harmonic one, the 
locns will reduce to a right line. 

^00. A tangent to the conic 

S^.aa?^ hf + 2^:r + 2/y + c = 
is at right angles to a tangent to the conic 
iS' s Irx' + (*?/'- 1 = 0, 

the axes being rectangular ; to find the locus of their inter- 
section. 

If 6 is the angle which a tangent from xyioS makes with 
the axis of x, we obtain from the equation of the pair of tan- 
gents through xy [Conies, Ait. 92), 
S{a cos'0 4- ftsin'fl) = [(r«-i a) cos 9 -r (/»;/ + /) smli\-; (1) 
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and similarly for S' we have 

8' {b 008= e'+a sin^ «') = {bx cos IT + mj sin fl')' ; (2) 
but S' - C = |t ; iience (2) becomes 

8'(aoo9'0 + 6sin=e) = [bxdnO-ai/QosBf. (3) 
We have then from (1) and (3), putting -^,- ^', 



nbx - by -/' 

Substituting this value of in (3), we get 

S'{a{fibx-hy-fY + b[nay + ax + gf\ = {ab{x'' + if) + b(jx ^afyY; 

or, restoring the value of ft, 

abS (1 + 8') + S'{ab8 + af + 5/ - a^^c) + 

2«6 y SS' j (« - 6) ;Ey + s'y -M = («6 (^' + f) + %« + «/i/)^ (4) 

Now we can show that we have identically 

{ab{s?^y')^bgx^afyY^{\^8'){alB^ar-^bg'-abc) 

- ah\[a--h)ry ^ gy -fxY ; 
henoe [4) becomes 

\{a-h)^y + gy-fxY^-2^M'{[a-h)xy^gy-fx)^S8' 
qP + by' ~ abc 
ab 
"Wo have therefore, finally, 

{(»-6)^yt,S-> + J(^' + ?!-.)j"-SS', (6) 

which represents a pair of enrvoe of the foiirth order, each 
having quaiiif contact with the given couics. 
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It may be shown that the curves (5) are Hciroular quartics 
with nodes. 

301. In the same way ae in the preceding example, we 
oan show that ii a tangent to the parabola j/° + ar + c = is 
at right angles to a tangent to the parabola 3!^ + 6y + c' = 0, 
then their intersection will lie on 

I2abxy - ab'x - a^by - cb^ - c'a')^ - 4a' 6' 83' = 0, 

which ropresents a nodal circular cubic having triple contact 
with the two parabola). 

302. A. tangent to the circle 

S = ff' + (i-»)'->-.0 
is inclined at a constant angle ^ to a tangent to the circle 

8'. y' + [j:^cy -/■'=()■, 

show that their intersection lies on one or other of the curves 

{cosO {x' + if - c^) + 2aj dn 9 + rr'i^ - SS' - 0. 

Show also that these eiu'Yes are limagons of Pascal. 

303. If the tangents drawn to the conic 



from xt/ form a harmonic pencil with the perpendiculars to 
the tangents tn the conic 

^ + 1^-1-0. 

a ' b^ 
from the same point, show that the locus of xy is the bicircn- 
lar quartio 
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304. If the tangents from a point P to the ellipse 

ecntain an angle a ; to show that the tangents from P to the 
hyperbola 

3* y^ _ ia'b^ + [a' - b' f sin' g 

contain an angle |3, where 

».^=(:4ii:)».. 

This is evidently the ease if the looi of intersections of 
tangents to the conies at the constant angles a and (i, respec- 
tively, coincide. These loci are for the conies 

{Conies, Art. 169, Ex. 3}, 

{a? + y^ - fl' - !>''f - 4cot"o (h'^x' + a'y'^ - a'b'') = 0, 

{af + y' - rt'=-6'')^-4cot=/3(S'=a^= + «''/- a"*") = 0. 

But, expressing that these two curves coincide, we obtain the 
conies (1) and (2) given above, and the relation (S) between 
the angles. 

305. A tangent to the conic 

is inclined at a constant angle ^ to a tangent of the confocal 
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show that the locus oi their intersection ia the bicircular 
quartic 

tan' e («= +f- a' - b"f - 2 (6= -i- b") x^-2 («' + «'=) y'' 

+ 2{d'b' ^ a'H") + {a' -a'^f cot" 6 = 0. 

306. A, B, A', B' are the points of contact of the tan- 
gents drawn from a point P to two conies having the same 
centre and axes ; if the circles passing through P, A, B, and 
P, A, ly, respectively, touch one another, show that the 
locus of P is a bicircular quartic. 

<S1. The pairs of tangents drawn from a point P to two 
concentric equilateral hyperholse contain equal angles ; show 
that the locus of P is an equilateral hyperbola concentric 
with the given ones, and passing through their intersec- 
tion. 

308. Let X, y, be the co-ordinates of the vertex C of a 
triangle self- conjugate with regard to the conic 

then if the angle at C is right, show that the oo-ordinates 
x', if of the middle points of the base are given by the 
equations 

2.'. f>-. /...), 2/= -_! (,'./-.-). 

309. A point P moves along a right hne ; show that the 
loouE of the foot of the perpendicular from P on its polar, 
with regard to a conic, is a circular cubic passing through 
the foci of the conic. 

310. 8, H are the given foci of a conic U, and S', H' of 
a conic V; \i XI and Fvary so as to be always similar to 
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each other, show that their common tangents envelop a conic 
which touches the lines SS', SS', 8' H, EH'. 

311. The perpendicular to a chord of a conic at its 
middle point passes throngh a fixed point on one of the 
axes of the curve; show that the chord touches a parabola, of 
which is the focus. 

312. From any point of the circle 

qS ^_ y'i _ ^i _ I'i ^ Q^ 

pairs of tangents are drawn to the confocal conies 

?! + f:-1.0, f-tg-l.O; 

show that the difference of the squares of the reciprocals of 
their lengths is the same for each pair, 

313. If from any point of the qnartic curve 

2(^*/)(l-5+|)-(«--6-)g^|;)^0 
tangents ai-o drawn to the hyperbola 



show that the sum of the squares of their lengths is equal to 

314. If the foot of the perpendicular from a point P on 
its polar, with regard to the conic 



moves along the right Hne \x + ixi/ + v == 0, show that the 
locus of P is the cubic 
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315. Two taiigent'< to a conie, whose foci are giveu, pass 
thrOTigli fixed points on the axis minor ; show that the locus 
of' their intersection is a circle pa'^sing through the foci. If 
the tangents, instead of passing through fised points, are 
parallel to fixed lines, show that the locus is an equilateral 
hyperbola passing through the fooi. 

31tJ. Given two parabolte with their axes parallel, show 
that a right hne which cuts off from them areas, which are in 
a constant ratio to each other, envelops a parabola which 
touches the common tangents of the given ones. 

317. A variable tangent to a conie 8, whose point of con- 
tact is P, meets a concentric, similar, and similarly situated 
conicin j1, 5; show that the lines joining .^, 5to the points 
where the normal to S at P meets the axes of iS are inclined 
to A, B at constant angles. 

318. A conic passes through four fixed poiata ; to find 
the envelope of the right line which passes through the 
middle points of the diagonals of the quadrilateral formed 
by drawing the tangents at these points. 

If we consider two consecutive curves of the system, we 
see that the different loci of the centre, obtained aecording as 
the tangents or points are fixed, must touch each other. 
Hence, the line referred to above, which is the locus when 
the tangents are fixed, must touch the locus of the centre of 
the system. The envelope is, therefore, the conic bisecting 
aU the lines joining the points. 

319. To show, in the preceding example, that the Une 
containing the intersections of the perpendiculars of the four 
triangles formed by the tangents passes through a fixed 
point. 

This line is the radical axis of the director circles of 
conies touching four lines {Cotiins, Art. 298, Ex. 1), and 
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is, tJierefore, the chord of contact of the director circle of the 
system of conies. But the chord of contact of the director 
circle, given four points on a conic, passes through a fixed 
point, viz., the centre of the circle circumscribing the fixed 
self-conjugate triangle (see Ex. 286). 

320. Conies of a given system are described to have 
double contact with two fixed conies ; show that (1) the line 
passing through the middle points of the diagonals of the 
quadrilateral formed by the tangents at the points of contact 
touches a fixed conic ; (2) the line of the intersections of the 
perpendiculars of the four triangles formed by the same tan- 
gents passes through a fixed point. 

321. Show that there are a real pair of lines ] 
through the points of intersection of the point circle 



„'=(.r-^T+(,y-y-)-.0, 



and the conic 
whose equation 



where n, " are the elliptic co-ordinates of x, y (see Ex. 1}. 
Show also that we have the identity 



^CO.K«+ffl + T»«i(« + ffl-COs4(a-ffl.O 
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is the equation oi a chord of the conic 

a- Ir 
show that the elliptic co-ordinates of the antipoints (Salmon's 
Sighm^ Flam Curves, Art. 139) of its extremities are given 
by the equations 
^ = a cos^ {a- ii) ±b -/^l sin|(o-/3), v = c cos 1 (a + ^). 

323. Given five lines touching the parallel curve to a 
conic ; to find the locus of the centre of the curve. 

Using the notation of Conies, Art. 228, Es. 8, we have 



[a-r 



f Ij' ein^ (0 - 



and similar equations for /3, &c., where r is the constant 
distance of the parallel curve. Hence, eliminating linearly r 



«' 008^ 


) + *'Bin'8-.-', (o'-Wsin9cos8, o 


6in'8+i'cos=0-r' 


from fire suoh equations, wo obtain a determinant wliioli may 


be written 






«, 3, T. s. 


' 






H', t', •!■, 


.- 






oos 3a, oos2|3, oosSy, oos 28, 


CO, 2, 


- 0. 




sin 20, ■in2p, sin 2^, sin 28, 


sin2£ 






1, 1, 1, 1, 


1 




li we substitute for a, /3, &e., 




3; 003 a + 2/ siu a - ^„ K OOS /i + // sin 


a -P., &,:., 


we C.I 


sliow tliat terms of Mgber degre 


than 11,0 


second 
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vanish in this determinant. The locus is, therefore, a conic. 
Since r may have a double sign, we can change the signs of 
a, /3, &c., in the determinant. We thus see that there are 
sixteen such conies altogether. 

324. A eonie passes through four fixed points ; show that 
the locus of the pole of a fixed triangle with regard to the 
conic {Conies, Art. 375) is a uuicursal quartic, of which the 
verticcB of the triangle are nodes. 

325. A conic touches four fixed lines ; show that the locus 
of the pole of a fixed triaugle, with respect to the conic, is a 
conic ciroumscrihing the fixed triajigle. 

326. Given four tangents to the curve parallel to a para- 
bola ; show that the locus of the focus of the parabola con- 
sists of eight nodal circular oubioe. Show also that each of 
these cubics passes through the centre of one of the circles 
touching the sides of a triangle formed by any three of the 



327. Given four lines parallel to the tangents to a conio 
at the constant distance If — -^ — j, where «, b are the semi- 
axes of the curve ; show that the locus of the centre consists 
of eight circular cubics. 

328. ABOB is a fixed parallelogram circumscribed about 
a conic; if anytangent to the curve meet ^£, (?D in the points 
F, Q, respectively, show that the area of the triangle P-4Q 
is constant. 

329. P, P" are the points of contact of a common tangent 
of two conies ; if <? is the centre of one of the conies, and A 
the area of the triangle CPP', show that, taking the four 
common tangents, 
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330. Show ttat the polar eijuation of the evolute of a 
parabola referred to the focus may be written in the form 

("y.(coBi9)l-(.mi«)i. 

If the evolute out a pai'abola having the same focus and 
axis at an angle <j>, show that 

cot^ ij) = cot ^ 9. 

331. A tangent to a hyperbola C meets the asymptotes 
ja A, B; if a circle S is described through A, B, so that AB 
subtends a constant angle at the circumference, show that 
the locus of the centre of S is a conic having the same centre 
and axes as U. 

Also show that S cuts a fixed oirole orthogonally. 

332. If we substitute a concentric, similar, and similarly 
situated conic for the asymptotes in the preceding example, 
show tbiit the locus of the centre of S is a concentric conic. 
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333. If we take the principal axes of the eone of the 
eeeond order containing a sphero-eonic as axes of co- 
ordinates, Tve may consider the curve as defined by the 
equations 

X,' + V + rf . 0, (1) 



-1-0, 



(2) 



the radius of the sphere being taken equal to unity. 

Let a, /3 be the halves of the principal angloa of the 
curve, then (1) beeomos 



.«' cot" a + p'' cot* J3 — 3' = 



(3) 



if the axis of s contains the internal e«ntre of the curve. 
We have also, from (2) and (3), 

^ + -Ka - 1 = t». (4) 



When the curve is written in the forms (3) and (4), the 
real foci are given by 



i7> y = 0. 
cosy = - 



- cosy, 



C09/3' 

i the equation of the real cyclic arcs is 

!/' (sin' a - sin' (3) - 2' sin'^ = 0. 
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We may conveniently express tlie co-ordinates of any 
point on the curve in terms of a single parameter, as fol- 
lows :— 

sinaoosfl tan/3eo8a sinfl cosa , , 

where A(S) = ^/ll ~ ein'T sin'9) ; 

or thus: K = sinnco90, ;/ = siu/3 sin^, s = cosj3A(ift), (6) 

where A{ip) = ^{l - sin^y oos^^). 

334. To find the equation of the circle passing through 
three points on the curve. 
Let 

U^ ax' + hf cz' = 

he the cone containing the curve, and 

that containing the circle; then if we form the disoriniinant 
of U- kV, we obtain 



f' 



b + k c + k k 



But writing U- k V in the form 

[a + k) x^ H- (6 + A) y^ + (c + k) z' -k{lx + my -i- n%)\ 

we see that when it breaks up into two great circles, they 
must be tangents to the conic 
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Now, if we use the angle 6 at (5), Ex. 333, the equation of 
the chord joining the points 6„ 9^ caa he written 

:. y« G03 i (0, + e,) + ^ ^b sin i (d, + 0.) 

and if this chord touch the conio (2), we have 

g!C03°i(ei+flj ^sin'^(9, + fl, ) _ <;cos' j-(gi- fl, ) 
a + k '^ b + k " e + k 

But comparing this equation with 

(eos (T - A) co8= i {01 + ^0 + (1 + eos o) sin' ^ (6, + fl,} 

= (1-A)coa4(0.-O.), (3) 
where A = y'(l -A'sin'o-), 

cos cT - A a{c + k) 1 + eos ti b(k + c) 



l-A- _ _ I! (.. ^ ft) 



, l-eos<T fa-c\/k+fy\ ^ 

A + cos IT /c - ^\ A" + «\ 

Now, from (3), we have 

and, from (5), i?(<,) . 3i? (4,), 

., , fe-b\ftta\ 



W 
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in which case we have also 

But from the absolute term of the equation (1) in k, we have 
aod from the absolute terra of the equation in It 4 a we get 

"ifelri?^ -'*' + "'(*■ + «'<*■ + '•■'■ '"' 

and similar values for m', h' ; hence we may write the equa- 
tion of the plane of the cii'ole thus : 

Putting, now, a = cot^ a, h ■= cot' (iJ, c = - 1, 

we have F{p,) = -^. ~ ■ -. -j7r\= <^" ^^y'' 
and then we got 



k + b (sin'a - pin'R) „ , , , 

FTc " " — Si's — '" ' <"' * "■'■ 



= cos' (3 dn"^ (»i ■ 



y Google 



184 SPHERO-CONICS. 

Thus (10) becomes 

{sin'a - 8in'/3) [sin';^ - sin'n^ 

einacosa ' ' ' sin/3 (!0S^ 



._'^''l,/^d.d„ (11) 



i = cnJ(Hj + a,), &o., 



and 




d, = dn|(^(, 1- !(,), &c. 






We have ah. 


!0 








h = - 




- cos'/3dn=4(«! + %} 




,. (12) 


sin'o 81 


^'^ i {ih + ih) + sm- ^i cn^ [u. 


+ «,: 


and similar 


values for h, h- Now if B is 


tlie 


aplierioal 


radius of the circle. 


, we find, from (8), 










'™'^ = x^^ 







hence, from (12), we have an expression for R in terms of 

«i, !(j, ((j. 

335. From (2) in the preceding example we see that 
when i, and therefore %i, + th, is given, the chord touches 
a concyclio conic. In this case the point of contact is at the 
external point of bisection of the chord. If ih - ih is given, 
the chord touches a coneycHc conic, and the point of contact 
is then the inteimal point of bisection {see Salmon's Surfaces, 
Art. 247). 

Hence we see that if two sides of an inscribed triangle 
touch two fixed eoncycHo conies externally, then the third 
side will touch u. iixed ooncyoUc conic internally ; and from 
{11), in the preceding example, the centre of tho circum- 
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aeriting circle will lie on a fixed sphere- conio, having the 
same centres as the given one. 

If we seek the locus of the centre of the circle which lies 
in its plane, we obtain an equation of the form 

This equation, which represents the pedal surface of a qua- 
drio, heing comhined with the cone of the second order found 
above, gives the required locus. 

336. To find the locus of the intersection of the perpen- 
diculars of triangles inscribed in one sphero-conic, and cir- 
cumscribed about another. 

The equation (1), Ex. 334, gives the discriminant of 
U ~ hV, where (/ is a sphero-conio and V a circle. 

Putting 

I = x sec p, m = y sec p, n = z' sec p 
in this equation, where x' , y, s' are the co-ordinates of the 
centre of V and /a is its radius, it boeomes 

+ k { bcx"' + cay"' + ab%"' - {ab + Sc + ca) cos' p ] 

- abc cos' p = 0. (1) 

Now, if V is the polar circle of a triangle inscribed in U, the 
coefficient of k^ vanishes ; and if F is the polar circle of a 
ti-iangle circumscribed about U, the coefScieiit of k vanishes. 
Heuce, if U and V are the given conies, by equating the 
values of p we obtain the equation of the locus 

a.r'' + b y' + cz' _ a'{b'+ a') XU b'jc'-^ a')Y' + c' jn' ^ b') Z ' 
a + b + c a'b' ■* b'e' + <fa' 

where r, y, % are the axes of U, and X, Y, J^ those of U'. 
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337. To find the locus of the centre of the eireumserihing 
circle of a triangle inscribed in one sphero-conic and circum- 
scribed about another. 

Using the notation of the preceding example, if U is the 
conic about which the triangle is circumscribed, we must 
have 

e''-4A'e = 0, (1) 

where we write [}.), Ex. 336, in the form 
^W ^ Oi^ + Q'k + ii'. 

Now, exactly aa in the case of plane conies (see Ex. 35), we 
can show that the triangle is self- conjugate with regard to a 
fixed conic 17' ; thus we have 

where a'X^ + h'Y'' + c'Z' - i) 

is the eijuation of XT'. Hence, eliminating ft between (1) and 

(2), we get 

{W- Wy=iahcW{{a +b + c)W'~{b + e)x''-{c + a)^/ 

, .^^ bcx' + call' + ahz' 



be + ca + ah ' 

, b'c'X^ + e'c^T'+a'b'Z' 
h'(f + e'd + db' 

338. To find the locus of the centres of equilateral tri- 
angles inscribed in a sphero-conic. 

Let P be the radius of the imaginary polar circle of the 
triangle, then we have, as in piano, 

V= <ix' + bi/ + cs' = [a -\- b + (?) siii^P. (1) 
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But if r is the radius of the inscribed circle, we have, from 
the invariant relation connecting the curve with the inscribed 
circle of an inscribed triangle, 

i?7-(a+;) + c)sin=r)' = 4sin'r{ir-(«S+6<; + crt)co8V}, (2) 

where W= bcx^ + cai/' + abz\ 

We now want to find the relation connecting P and r for 
an equilateral triangle. The relation for any triangle is 

sec'Psec'?- sin' 7) = tan'P + 2tanV' 

(see Salmon's Surfaces, Art. 257). Bnt for an equilateral 
triangle i) = ; therefore 

tan^ r = - ^ tan'P ; 

henoe, from (1) and (2), we get 

9U{lI-pQ)'-inUW- 8ii{V'-pL-l)(}F- qO.) = 0, 

where p = a + b + c, q = ab + bo + co, 

339. To find the equation of the circlo inscribed in a tri- 
angle circumscribed about a ephero-eonie. 

We can arrive at the equation of the circle by a method 
similar to that we employed in Ex. 44. 

Let 



be the equations of two intersecting confocal cones of the 
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second order ; then, if x, y' , € are the co-ordinatea of the 
centre of the circle, wo find 

= ■'"'^"' , V|(y-v.')(6'-v.^)(y-v.')} 
siaa silly' siny cosy ^^(sin^a - sin" 7)' [ 

■ (2) 

whore sm 7 = - and — , — , — 

' c c c e 

are the sines of half the greatest axes of the confocal sphero- 
oonios which pass through the vertices of the triangle. For 
the inscribed circle all these confocal ephero-conics intersect 
the given ouive in real points ; and for an exscribed circle, 
one of the confooala intersects the curve in real points. 
If r is the radius of the inscribed circle, we find 

(3) 



where a is the value of ^ for the given curve. Again, if 
the Bemiperimeter, W6 find 



.•IK-PXo'-"")! 



W 



If we substitute fi-,, jUs for v?, vj in (2), (3), and (4), we 
obtain the cori'esponding formnlEe for one of the circles 
exsciihed to the triangle. 

340. Triangles ai-e inscribed in one sphero-oonic, and 
circumscribed about another; show that the centres of the 
circles touching the sides lie on the intersection of the sphere 
with a oone of the fourth order (see Ex. 337). 

341. To find the locns of the centres of equilateral tri- 
angles circumscribed about a sphero-conic. 
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Let P and It be the radii of the polar and oircum scribing 
circles of the triangle, respectively ; then, from the invariant 
relation connecting the curve with the circumscribing circle 
of a circumscribing triangle, we have 

{W- q cos' E)^ = 'iabc coe?' M {U-p sin'S.); (1) 

and from the relation connecting the curve with the polar 
circle of the same triangle, we have 

fr=?co8=p, (2) 

where U and W have the same meaning as at Ex. 338. But 

tan^P = -- a tan'iS 
for an equilateral triangle ; hence, from (1) and (2), wo get 

9W{W- qay - iabc a, uw - Sabcn {U-pa)irF- qo.) = o. 

342. To find the locus of the centres of equilateral tri- 
angles self conjugate with regard to a sphero-conic. 

With the notation of Ex. 338, we have, from the inva- 
riants of the curve and a circle, 

W=qcQi'R, U^ Psin'r; 

but tan P = 2 tao r for an equilateral triangle ; hence we 
get 

^UW+Q, [pW+qV']~pqa^ = Q. 

343. A triangle is self-conjugate with regard to a sphero- 
conic ; show that the feet of the perpendiculars form a tri- 
angle circumscribed about a confooal sphero-conic. 

344. A circle S touches the aides of a triangle self-conju- 
gate with regard to a sphero-conic U; show that the centre 
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of iS lies on the ec[uilat«ral sphero-oooie having double con- 
tact with 77 ai & pair of points which He on a tangent to 8. 

An equilateral sphero-conic is such that the intersection 
of the perpendiculars of an inscribed triangle, and the centres 
of the ciroleB touching the sides of a self-conjugate triangle, 
lie on the curve ; that ia, when the curve referred to its axes 
is written in the form 

we have a + b + c - 0. 

345. To find the equation of the polar circle of a triangle 
formed by two tangents and their chord of contact. 

Let x'i/z' be the co-ordinates of the vertex, and a^i^/iS,, 
cKa^/aSs those of the points of contact of the sides, then if 
A, n, V aro the tangential co-ordinates of a tangent of the 
curve, we must have an equation of the form 

(\x, + nyi + VS,) (Ak-2 + f<^s + vSa) - k{Xx' + fll/' + vz'f 

^ (bcX' + ca/i^ 4- abv^] ; (1) 

but since the sum of the coofficienta of a:', y^, and s^ must be 
the same on both sides of this equation, we get 

cos9- k = 0[l>v + ca + ab), (2) 

where 9 is the length of the base. 

Now A, n, V are the co-ordinates of a point on the reci- 
procal curve 

S (= bcx' + cat/' + abz') ; 

hence, from {!) and (3), we got the identity 
PQ - cos eS2 ^ klLi' - {xx' + yy + zdf\ 
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where Q, = r^ + t/^ + z^. 

Now FQ- cos da (4) 

is the sphero-eonie which is the locus of the vertices of right- 
angled triangles described on the base. It is not difficidt, 
then, to see from (3) that the polar of the vortex with regard 
to this eonio coincides with the polar of the same point with 
regard to the conic 

a{b■^c]x'+b{c + a)i,' + c^a + />]~'=0. (5) 

Again, it is easy to seo that the vertex and the intersection 
of the perpendiculars are conjugate with regard to the locus 
(4), and, therefore, also with regard to (5) ; hence the inter- 
section of the perpendiculars lies on the great circle 

and since it also lies on the perpendicular from the vertex on 
its polar with regard to the curve, we have 

{b - c) ^z'x + (c - «) sV;/ + (« - V) ^y'% = 0. (7) 

We thus determine the co-ordinates of the centre of the 
circle, and the remaining condition may then be obtained by 
expressing that the vertex and base are pole and polar with 
regard to the circle. We have, then, finally, if the equation 
of the circle is 

{\x ^ ,xy \ vzj - p' («= + / + 3=) = 0, 

\ = 



.■|S(» + «)(«-S)!,--«(o + S)(.-<.)s-), 


(8) 


/[«(« + S)(* - c) S-- «(i + c)(„ -- i)d% 


(9) 


.■{a(b*,)(c-a)^''-t(o*a){b-c),f], 


(10) 


[a' (b + e) «" + *■(« + <•)•/• +»■('> + ') •'") 




io(4 - c)yV + »(«-«)' n-x" + c (o - S)-»>", 


1- (11) 
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346. li in tlie preceding esample the vertex of the tri- 
angle lies on one of the axes of the curve, show that the 
circle has douhle contact with a fixed concentric sphero- 
conic. 

347. If the centre of the circle in Ex. 345 lies on the 
curve, show that the vertex of the triangle lies on a cone 
of the fourth order. 

348. Suppose, in Ex. 345, that the vertex of the triangle 
lies on one of the great circles 

a(6 + »)(t-»)^---S(<! + „)(4-e)y".0, (1) 

then the equation of the corresponding circle reduces to 

[w:^\c-a)-yy'{b~c]\--c\{c-a)x'^ + {c-b)y'%x^^t + z^) = 0, 

and is, therefore, from (1), altogether fixed. 
Writing one of these circles in the form 

X yW^') ± y Va{W^') = c-/{{b- «}(r' ^f^£-)\, 

we can easily see that it haa douhle contact with the curve. 
We also see, as at Ex. 82, that the curve is its own reciprocal 
with regard to one of these circles. 

There are besides two other pairs of such circles corre- 
sponding to triangles having their vertices on the two other 
axes of the curve. 

349. To find the locus of the vertex of a triangle formed 
by two tangents to a ephero-conie and their chord of contact, 
if the centre of the inscribed circle Hes on the curve. In the 
same way as at Ex. 85, we can show that if the curve is 
referred to the triangle, it must he written in the form 
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Putting, then, 

WOOSa + </ cor/3 + 3 cosy, XQOStt' + !/ C09j3' + SCOSy', 

a- COS ,\ + »/ COS ^ + s COS v 
for a, /3, y, respectively, iu (1), it must beeomo identical with 

hence if aji ~ y'' = k U, %ve have 

cosa coso' - eos'X = ka, &e., (1} 

eosocos0'+ cos a' cos ^ = 2 COS A coa/^, &c. ; (2) 

tkereforo (cos a eosj3'- cos o' cos /3)'' = - A¥ab 

- 4A(«co9V + h cos'A). (3) 

But co3acos/3'- cosd' cosj3 = ssinff, 

and, from (1), A (« + 6 + e) = - (1 - cosO) ; 

also COB A = - ,, ■ „ — j^-. ^^, coau = &c., 

where Q is the length of the base of the triangle. 
Hence (3) becomes, after dividing by 1 - cos 6, 

p'f {1 + cos 9) +4«i(l - co8 0)(:c^ + y' + ^') 

4pab{ax^ + l)p' ] 

and, by symmetry, 

where p == a -t- b + c. 



'kpacjaa? + cz') 
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Eliminating, thou, eos0 between (4) and (5), we get, after 
dividing hy btf - cs% 

p' U-2p {d'i^ + i^/ + c'z'] ~ 4ab,: (x' + ',/ + z') = 0, 

i + n-a B + c-6 a + b - c ' 

which represents a sphero-conic oonfooal with V. 

350, There are three systetas of circles which have double 
contact with a sphero-conic, tho chorda of contact of each 
system passing through one of the centres of the curve. 

The sphero-conic being written in tho form 

x' + 'it + s'^ - I =■ 0, ax' + hf + ts= = 0, 

tlie equation (c - a)x9! ^ {c - h)yy- - c - i) [I) 

evidently represents a circle having doublo contact with the 
curve at points lying on the great circle xi/ - yx' = 0. If wo 
Buppoee ^y to be the internal centre of the curve, the circles 
of the system fl) touch two opposite branches. 
The equations 

(h -«)«/+(*- e) zz -b^ 0, (2) 

{a-b)yy'^{a-c]z%'-a^O (3) 

represent circles of the other two systems having double 
contact with the curve at points lying on the great circles 

xs' - zx'= 0, yz' -%y'= 0, 

respectively. These circles touch the curve at points on the 
same branoli. 
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If R is the radias of the circle (1), and ip the distance oi 
ita centre from the point xz, we find 

ceos'0 cain'^ 

cosmic = + — ~ : (4) 

c - a c - b ~ ' 

and for the circles (2) and (3) we get the relatioua 

„ „ ^icos'S Jein'S ,_, 

cos-M = —— — + -■ (&) 

6 - c 6 - « * ' 

„o^-lt.'-^*°^. (6) 

where 8, S* are the distances of their centres from the internal 
centre of the curve. 
Putti]ig 

a = - e cot'a, b = - c cot'/.'} 

in these equations, they become 

coe^ii; = sin'^a cos'ip + ain-/3 sin'0, (7) 

is^/3sin^o . 



s'R = cos^/3 coa^S + -;— ; 



- sin'/3 



eos'a sin'S . „ ,,, 

- ~7-^ r\j-, sm'b . 

sin a - Bm p 



(9) 



Hence we eee from (7j that the radii of the circles of the 
system (1) vary between the limits ^ - a, ^ - (^- Also the 
maximum value of the radius of (2) is equal to /3, and the 
minimum value of the radius of (3) is a. For the latter 
systems of circles the radii have their minimum and maxi- 
mum values, respectively, when the circles have four-point 
contact with the curve at the vertices. 
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351. To find the differential equations in elliptio co-ordi- 
nates of the systems of circles having double contact with a 
sphero-conic. 

Let the equations 

combined with the equation of the sphere, determine two 
intersecting confocal sphero-conics ; then we have 

c^{c''-b-iz = ^\{<?~,^){c}-v-^)]. (2) 
Now, if we have the differential equation 
dfi (Iv 



the integral of this equation, by the theory of elliptic 
functions, can be written in either of the forms 

(4) 

Ilence, since {/.i' - a%a^ ~ v'^] is proportional to the sphero- 
conic corresponding to the value /t = « = c sin o, we see, from 
(4), that (3) is the differential equation of the system of 
circles (1} in the preceding example, 
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In the same way we can show that the differential equa- 
tions of tiie other two systems of circles are 

dfi an _ A (■?■ \ 



From these equations it follows at once that two circles 
of the same system make equal angles with the two confoeal 
conies which pass through their intersection, 

353. To find the angle f between two circles of the same 
system which have douhle contact with a sphero-eonic. 

If d(r„ dai are the elements of the arcs of the two confocal 
sphero-eonios, we ha7e 

hence, if a cnrve defined by the equation 

Pdn + Qdv = 
meet the curve n at the angle i, we get 

HP'' --•)('' -"')! ™, 









»')(«■-».■) I 



But )■ - I ^, and putting then for P, Q the values ohttiined 
from (3) in the preceding example, we get 

'"4*-Vi(.'-.-)(.--.-)|- '■*> 

From (3) we find 

(»■ + «■)(„■ + ,•)- 2 (»'«MV^), 
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but from (1) in the preceding exsiinple, we have 

/i' + v' = &%/ + If'^ + []? + if) a?. 

Thus WG see that if the oireles cut orthogonally, the loons 
of their intersection is a sphero-eonio having the same centres 
as the given one. 

If the circles cut at a constant angle, their intersection 
will lie on a cone of the fourth orde:', 

353. If a tangent gi'eat circle to tlie sphero-conic defined 
hy the equation /n = n in elliptic co-ordinates make the angle 
4 with the confoeal at the point ^, v, we can show that 

fi^ cor'' i + v' sin' i = a? ; [1 ) 

houce, if such a great circle cut orthogonally the circle re- 
presented by the equation (y), Ex. 351, we have 

1 + tan* tanj" = 0; 

and, therefore, from (3) in the preceding esample, 

if.' - ,:■) v- («' - .■) - (»■ - v') •(«' - ^'j - ; 

or, clearing of radicals and dividing by ft? - v', 

which becomes, by transformation to Cartesian co-ordinates 
(seeBx. 351, (3)), 

«-(«--S-)s'-(«--»f(«' + t,>t2-).0. (2) 

Thus we see that one of the tangent great circles, drawn 
to the curve from any point of the small circle (y), passes 
through the centre of a circle of the system (I), Ex. 350, 
which passes through the same point. 
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354. If S is the distanoe between the centres of two 
circles of the system (1), Ex. 350, we have 

i(coe'n - sin' (3)(a^ + i/)~ [sm'a + sin' (i)s']^ 

- 4sin'B sin'/3 cof' 2 (j^- cot^ a + j/coiii'ji - z') = 0, 

where ce, t/, s are the eo-ordinatos of the intersection of the 
circles. For the angle S is evidently the angle between 
those tangents to the conic (see Cordon, Art. 169, Ex. 3) 

ein'o sin'p 

which are the projections of the circles on the plane of xi/. 

Hence, if the centres of the circles are 90° distant from 
each other, their intersection will lie on the smaJl circle 

(oos^a - 8in^/i)(«' + y") - (sin^a + 8in'/B)s' = 0, 

and their radii p, p' will be connected by the relation (Bs. 
350, (7)), 

cos^p + cos'p' = sin*a + sin'/3- 

355. To find the locus of the points through which 
circles of the systems (1) and (3), Ex. 350, cut each other 
orthogonally. 

From (3), Ex. 352, we have, for the first system, 

and similarly for the second system from Ex. 351, (6), 
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But 1 + tanjtaiii' = 0; 

honee, if we put /x = csin^, v - c siii;^, 
we have, from (1) and (2), 

sin 2ip{2a' - c^ + c' cos 2\p) ± sin 2^/- (2a' - c' + ^ cos 2<j,) = 0, 
which gives, after dividing by sin {<j> + i^j, 

a'cosij) cosi/- +((!*- a^) sin^ sini/i = ; 
or, transforming to Cartesian co-ordinates, 

which represents a pair of great circles passing through the 
centre lez. 

356. If 9 is the angle between the two circles considered 
in the preceding example, we find 

*.„« •l(°'- y)(«'— V + '■■(»• —>'-»'(-'-gK I. 
i^e = „-v'(«--i>± (a' -=■)*». ' 

hence we see that if 9 is given, the locus of the intersection 
of the circle consists of two ephero-conies having double con- 
tact with the given curve. 

357. If 6 is the amgle between a tangent great circle to 
the sphero-oonio // = «, and a circle of the system (3), Ex. 
351, show that 

t.„a.va(!!l:i'l(4-J->-^»V-»:yiJ°_--'-Ki. 

358. If we tahe two circles of the system (2), Ex. 350^ 
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their centree of similitude are determined by the equa- 
tion 

s,in(<p - 2) _ smS _ 
" sin li" 



tan^ 



sin(^- 8') 

sin fi ein 8' + sinij' ein 8 
sin Ji eosS'+ sinii'cosS' 



, sin^i? sin^ 8' - ein'iil' sin' S 

tan* tan A = . ,,. ■ . ■ ^, —^-tjv — ^r^- 

^ ^ sin^ic cos'e - sinit cos 6 

>), Ex. 350, can be written in the form 



sin' (3 



(2) 



where y is the distance of a focus from the centre of the 
curve. Hence, from (1) and (2), we have 
tan tan ^' = tan^ y, 

■which shows that the centres of simihtude of two circles of 
the system considered are harmonically conjugate with the 
foci. 

In the same way we can show that the centres of simili- 
tude of a pair of circles of either of the two other systems 
subtend a right angle at either of the foci. 

359- From (2) in the preceding example we can show 
that if 0, & are the angles which the tangent great circles 
from the foci to the circles of the system (2), Ex. 350, make 
with the axis, then we have 

sm tf sin (J = . ■ ■. 
sin^y 

360. To show that the circles of the system (1), Ex. 350, 
cut off constant intercepts from the cyclic arcs. 



y Google 



202 spnERo-coNics. 

Let the equation of one of the circles he written 

sina '' siii/3 '' ' 

and that of a cyclic arc 

y ^(siii'a - sin'/3) -ssinp = 
(see Ex. 333) ; then we may put 

sin 3 - -^ (%\\^n ~ isai'li) . 



nn p, i'2) 

where p is the distance of xijz from yz. Hence, einee x = coa p, 
from (1) we have 

cospcosij) + sin/jsin^ = sina, 

and, thoroforc, ,0-0 = ^-0, or " ~ Ty 

from which we get p, - pi = n- - 2a, 

361. To find the envelope of the radical axes of a fixed 
circle and the system of circles at (1), Ex. 350. 

Let the equation of the variable circle ho written 

(^^— coa^ + -:—7-^ ain0]- {x" + f + 2') = 0, 

and that of the fixed circle 

{/^ 4- mi/ 4- nzy -{x^+f + s') = ; (1) 

then for a radical axis we have 



/,f 



wy i- 
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but tliG envelope of this great circle is 

(/.. + ™y + «^)=-f^+^')=0, (3) 

' \sui'a siirjij ' 

which represents a sphero-conic touching the imaginary 
cycKc arcs 

Sin a em'p 
and passing through the points where the fixed circle meoir, 
the given curve. 

"When the oirole (1) is touched hy a circle of the variiiMrt 
system, the radical axis is the tangent at the point of contact. 
Hence, to find the points where (1) is touched by four circles 
of the system, we draw the common tangents of (1) and (3), 
and then these tangents touch (1) in the required points. 

362. Reciprocally we can show that the locus of the 
centres of similitude of a fixed circle S and a system of 
circles having double contact with a sphero-conic U is a 
sphero-conic touching the common tangents of S and IT, 
and passing through a pair of real or imaginary foci of V. 

This envelope wiU also determine the four points on S 
where it is touched by circles of the system. 

363, A great circle touches two cu-cles having double 
contact with a sphero-conic, to show that its points of con- 
tact with them lie on the same con cyclic sphero-conic. 

For the circles we have, from (3), Ex, 352, 

and if the great circle touch the confocal conic /i = n' , wo 
have (Ex, 353, (1) ), 
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henoe, since i - ;" in the case we are 


considering, we get 


(^^ - a"){c' - !^') (a'-'-.^)(c' 


=^'-0, 


or, dividing by ^^ - v". 




(^- -»■)(»■-■)-(«■ -»•)(«■- 


«'■) - 0, (1) 


which, hy transformation to Cartesiar 


I co-ordinates, gives 



the result stated above. 

Putting a' = csiny in (1), we see that the points of the 
contact of the tangent great circles from the foci to the 
system lie on 

(/-■.■)(«■-.'■)-(=■-«■)(«•-»■)-<). 

which, being transformed to Cartesian co-ordinates, is found 
to represent the real cyclic arcs of the curve. 

364. Through the centre of a circle having double con- 
tact with a sphero-conic tangent great circles are drawn to a 
confoeal sphero-conic ; show that they meet the circle on 
a small circle passing through the intersection of the given 
curves. 

365. Tangents are drawn from a focus of the curve to 
circles of the system (1), hiX. 350 ; to show that they contain 
a constant angle. 

If 6 is the angle between the tangents, we have 



(1) 



where A is the distance of the focus from the centre of th 
circle ; but 

sin'd = 1 - sin' 7 cos"^, (2) 
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and, from (7), Ex. 350, 

eos^^ = sio'a cos^ S + sm^^ sin' S, 
or ain^fi = co8'|3(l - sin^'Y COB'S); (3) 

hence, from (1), (2), and (3) we get 
fl = ;r - 2/3. 
This result might also be a.rrived at by reciprocating 
Ex. 360. 

366. Show that a variable oirole, having double contact 
with a sphero-conic, meeta two fixed tangent great circles of 
the curve at angles whose sum or difference is constant. 

Also show that a variable tangent great circle meets 
two fixed oiroles, having double contact with the curve, at 
angles whose sum or difference is constant (see Ex. 119). 

367. A circle, having double contact with a sphero-conic, 
cuts orthogonally a circle having double contact with a con- 
focal sphero-conic; if the circles have their centres on the 
same axis, show that the locus of their intersection is a 
sphero-conio having the same centres as the given ones. 

368. If we are given a circle of the system (2), and 
another of the system [3}, Ex. 350, we have the relations 
(8) and (9) in the same example, which we may write in the 
form 

tan^o sin^JS + tan'B cos'ii = — r- oos^S, (1) 

"^ eos'tt ' 

"" ^ COSTS'. (2) 

Now if I) is the distance between the centres of the 
circles, we have 

cos /J = cosScos S'i 
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henoe, from (1) and (2) we get 

(fcan'a sin'iJ + tan'/3 coa^fl)(tau^a qos'S' + ta.n'j3 sin'fi') 

= taaVtaii'0eos'i), (ft) 

from which wo see that . — -r-, lias one or other of two given 
values. 

Similarly, if we are given drcles of the systems (1) and 
(3), Ex. 350, we can show that the axis major a of the curve 
is given; and given circles of the systems (1) and (2), |3 is 
given. 

369. A circle, having double contact with a sphero-conic, 
touches a circle having double contact with a oonfooal sphoro- 
eonio ; if the circles have their centres on different axes, show 
that the locus of the point of contact is a concentric sphero- 
conic. 

If the circles cut each other orthogonally, show that the 
locus of their intersection consists of two chords of intersec- 
tion of the given curves. 

370. A circle whose radius is p and centre x, 0, z cuts the 
sphero-conic 

orthogonally at two points, show that 

Hence, show that the circle also cuts the sphero-conic 
ortliogniially at two points. 
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371. Show that the envelope of the circles considered in 
the preceding example is projected on the plane of az into 
the evolutfl of the conic 

c' (f> - a) "^ «=~(6^~7} ~ {(lb + be- caf " ' 

372. By the same method as that whioh we used in 
Ex. 162 we can show that if triangles be inscribed in the 
sphero-conio 

8 ^ a.i:'' + hif + cs' = 0, 

and circumscribed about the sphero-conic 
S' s fflV + by + c'z^ = 0, 

then the normals to S at the vertices of the triangle pass 
through a point. 

Also the Kphero-conic 

S" . (6 - ») xyz ^{«-„),j'zx*{<,-i) ix,j . 
passes through the feet of the normals drawn from x, y', z 
to iS. Hence, since 8" circumscribes triangles oiroumecribed 
about S', we find from the invariant relation connecting the 
two latter conies that the points through which the normals 
pass lie on the sphero-conic 

a{b - cfx^ + b'{c - af+ <f{a - byz' = 0. (1) 

If 'i{0-cyJ-(c-aY='^{a-b)\ 12} 

the loons (1) coincides with 8. Thus we see that if nor- 
mals be drawn to tho curve from any point on itself, the 
ares joining their feet form a triangle circumscribed about 
the sphero-conic 
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"We are permitted to assume the equations (2), for they 
are consistent with 



jmM^^- 



the invariant relation connecting 8 and 8'. 

373. Prom the point where a normal to a sphero-eonio 
touches the evolute two other normals are drawn to the curve ; 
show that the great circle joining their feet is a normal to a 
concentric ephero- conic, 

374. In the same way as in Ex, 204 we can show that if 
a ephero-conio have douhle contact with a fixed sphero-conic 
Zr and a fixed circle V, then a pair of foci will lie on one of 
the conies confooal with U, which pass through the extremi- 
ties of a diagonal of the quadrilateral formed hy the common 
tangents of U and V. 

These pair of foci lie on a great circle passing through 
the centre of V ; and if they are imaginary, the real foci wiU 
be the anti-points of a pair of points in which a great circle 
posing through a fixed point meets a fixed sphero-conic. To 
find this locus, let the fixed point ho i/, %j', z', and the fixed 
sphero-conic 

8^ax' + b>/ + cz' = 0. 

]?ormiDg, then, the equation of the chords of intersection of 
Sand 

PQ-(«'' + y'= + zy.x" + if + z')-[xx'+yy'+%zj= 0; 
and expressing that this equation is satisfied by the co-ordi- 
nates of the fixed point, we obtain the locus required : 

aboP'Q'- 8'FQF+ S"S(i>i' + / + a^)= 0, 
where 

8' = ax" + h/' + cz'\ F = a{b + c) a^= + b{c + a)y''+ c{a + i) z\ 
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Thus the complete looua for the three aysteras of variable 
curves consists of three oonfooal sphcro-conica and three 
curves lying on cones of the fourth order. 

375, A sphero-conic has double contact with a fixed 
circle and touches two great circles; show that the locus 
of its foci consists of two great circles and a curve lying 
on a oone of the fourth order. 

376. If II and v have the same meaning as in (1), 
Ex. 339, show that the differential equation 

du dv 



• K/-»-)(m"-<''>'-j.')1 -•((•■-v")(""-"')(='-v-)l " 

represents one of the systems of ephero-oonics which have 
double contact with the confocal sphoro-oonica fi = a, fi = a' 
(see Ex. 212). 

377. To show that the sum of the cotangents of the 
common tangents of a oirole and a sphero-conic is equal 
to zero. 

Let J) be the length of the perpendicular from a fixed 
point on a tangent to the curve, and let w be the angle 
which the perpendicular makes with a fixed line ; then we 
know that 

cot< = eos;-^, (1) 

where t is the length of the intercept between the point of 
contact and the foot of the perpendicular. 

Hence, since p is the same for the four tangents which 
touch a circle having the fixed point for centre, we have, 
from (1), 

(2, 

But projecting the circle and sphero-conic by rays through 
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the centre of the sphere on the tangent plane at the fixed 
point, these curves are transformod into a circle and a 
conic, respectively, and the angle w hecomes the correspond- 
ing angle w in the plane. Now we have seen in Ex. 232 
that 2(u in the plane is independent of p ; hence, from (2), 
we obtain 

S cot ( = 0. 

378. Show that a circle meets a sphero-conic at angles 
the sum of whose co-tangents is equal to zero. 

379. If xpz, V/s' are the co-ordinates of the centres, and 
jO, p' the radii of the polar and circumscribing circles, respoc- 
tively, of a triangle self-conjugate with regard to the sphero- 
conic 

show that 

{axaf + bpp' + csz'y ~ siiL'p{a^ aj" + b'l/'^ + c's'^) 

- 8in'p'(«V + 6^j/'' + cV) + sin'p %m^p'[a^ + ?/ + «') =0 

(see Es. 273}. 

380. Given four tangents to a sphero-conic, to find the 
locus of the foci. 

Let a, J3, 7, S he the sines of the perpendiculars from 
a point on the four tangents, and let 

/a + ffl3 + «7+pS = (1) 

be an identical relation connecting these perpendiculars. 
Then, since the product of the sines of the perpendiculars 
from the foci on any tangent is constant, if one focus satisfy 
(1), the other must lie on 

//3yS + OT7S0 + »Sa/3 + p«^7 = 0, 



yGoosle 



SPHEfiO-COSICS, 211 

which represents a cubic cone passing through all the inter- 
sections of the given tangent** 

381. If the tw Rihoio om s lesciibpl thro.igh a point 
P to touch foui fixed gri-at urcles cut orthog anally at P, 
show that P hee oi the locus f oun i in the preceding example 
(see Ex. 2 )S) 

382. Given four points on a sphero-conic, show that the 
locus of the foci is 

/ ein a + tn sin /3 + « sin -y + 7; sin S = 0, 

where a, (i, 7, S are the distances of a point from the four 
given points, and /, tfi, n, p are suoh that 

^ cos a + m cos |3 + « cos 7 + /) cos ^ = 0, 

identically. 

383. Eight-angled triangles are inscribed in a sphero- 
conic ; show that the locus of the point where the normal 
at the right angle meets the opposite side is a sphero-conic 
having its centres in common with the given curve. 

Also, if the curve is equilateral (see Ex. 344), show that 
the intellection of the normal and the opposite side is the 
pole of the tangent. 

384. To determine the direction of the two chords of 
a sphero-conic which may he drawn through a fixed point 
in space. 

Let :f', y', z be tho co-ordinates of the fixed point, and 
let us take 

x.^-x' + p cos a, ij = yvf> cos ^, 2 = a' + /> cos y 

oiy faopnrnt on a line passing through x'y'z . Substituting, 
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